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ABSTRACT
A THEORETICAL AND EXPERIMENTAL INVESTIGATION
OF THE AEROTHERMOPRESSOR PROCESS
by
Alve J. Erickson
An investigation was made of the effect on the stagnation pressure
of injecting liquid water into a hot flowing gas stream (the Aerothermo-
pressor process). Two Aerothermopressors (one 2.125 inches in diameter
and six feet long, the other 11 inches in diameter and seven feet long)
were used in the experimental investigation. A one-dimensional theo-
retical model accounting for heat transfer, mass transfer, wall friction,
area change and drag of water droplets was formulated and refined. The
theory predicted the experimental results extremely well except in
regions of large deviations from one-dimensional flow such as exist in
the diffuser and across shock waves that cannot be adequately described.
as normal shocks.
The importance of having a variable-area Aerothermopressor is shown
and a method is presented to determine the optimum area variation. The
size effect of the Aerothermopressor is also demonstrated which shows
that the larger the duct diameter is, the greater can be the increase
in stagnation pressure.
The problem of initiating a desired flow is discussed and shown to
be a limiting factor dn best Aerothermopressor performance. To obtain
performance close to the optimum, a variable-geometry configuration will
probably be required.
The experimental results for best performance show a stagnation
pressure increase of 4.8% for an inlet stagnation temperature of 14650R
and an increase of 6.7) for an inlet stagnation temperature of 1670*R.
In order to increase these stagnation-pressure results significantly,
considerably larger mass flows are required, variable-geometry ducts
are desirable to aid the starting problems, and the effect of very high
relative velocities in producing very small droplets should be inves-
tigated and used if successful.
Some of the problems arising as a result of combining an Aero-
thermopressor with other equipment are discussed.
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NOMENCLATURE
A cross-sectional area of duct
c speed of sound in gas phase
c specific heat at constant pressure of gas phase
c specific heat of water in droplet
C drag coefficient of dropletd
C steady-state drag coefficientd
ss
mean droplet diameter
value of 0-immediately after atomization
NT: value of4 given by Nukiyama and Tanasawa formula (ref. 9)NT
D hydraulic diameter, equal to duct diameter for circular duct
f skin-friction coefficient of duct
ha specific enthalpy of air
h9 specific enthalpy of liquid water in droplet
h specific enthalpy of water vapor
v
hfg enthalpy of evaporation
h filImcoefficient of.mas ttansfe 4:m
h film coefficient of heat transfer
h stagnation enthalpy of gas phase
h stagnation enthalpy of air
hov stagnation enthalpy of water vapor
k ratio of specific heats for gas phase
M Mach Number of gas phase, V/c
Mcr critical value of inlet Madh Nurdber
M )sup supersonic critical value of inlet Mach Number
m mass of liquid droplet
vii
rate of mass evaporting from droplet
n number of droplets of mean diameter ±
n initial number of droplets of mean diameter '
0 0
Nu Nusselt Number for heat transfer, h -/\
Num Nusselt Number for mass transfer, h m oa/)..m
p static pressure of gas phase
pO stagnation pressure of gas phase
P stagnation pressure of mixture
Pr Prandtl Number, c //
g rate of heat transfer per unit area surrounding droplet
Q heat added per unit mass of gas flow
r radial coordinate
R gas constant of gas phase
R universal gas constant
Rey relative Reynolds Number of droplet, ( O IV-Vf)
Sc Schmidt Number, J/
Sh Sherwood Number = Nu
m
t time
T absolute temperature of gas phase
Tg temperature of droplet
T stagnation temperature of gas phase0
Tr temperature of reservoir
u specific internal energy
v specific volume
V gas velocity
V droplet velocity
w mass rate of gas flow
iii
w mass rate of air flow
w vmass rate of water-vapor flow
w, mass rate of liquid water flow
w1 mass rate of liquid water injected
W molecular weight of gas phase
Wa molecular weight of air
W, vmolecular weight of water vapor
x fraction evaporated, w/..
y v /v
z longitudinal distance from inlet plane
P See Table I
9 0mixture stagnation temperature
thermal conductivity of gas phase
mass diffusivity
viscosity of gas phase
diameter measure, microns
mass density of gas phase
mass density of water in droplet
mass density of saturated water vapor at droplet surface
yoo mass density of water vapor far from droplet surface
shear stress at pipe wall
J) f oO 2 /D Nu
(p mc ,,/2r oa
( specific humidity of gas phase
.O initial water-air ratio, w/w
Ix
Subscripts
i at inlet of evaporation section
2 at exit of diffuser
a air
,P liquid water
f liquid water
v water vapor
g water vapor
r value at radius r
centerline
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CHAPTER I
INTRODUCTION TO THE AEROTHERMOPRESSOR
An important problem in any fluid-flow system is how to obtain a
sufficiently high stagnation pressure* in a fluid so that a desired
flow will result. The most common method used to increase the stagna-
tion-pressure level is to employ a pump or compressor which is able to
accomplish its objective because the flow is unsteady. Other possible
methods of increasing the stagnation-pressure level involve the use of
external body forces (such as those associated with magnetic, electric
or gravitational fields) or work done on the fluid by shear stresses
as in a hydrodynamic bearing.
An additional method for changing the stagnation pressure of a
fluid is available if the local density can be controlled. This is
easily demonstrated by considering Euler's equation of steady motion
along a streamline in the absence of shear and gravitational effects.
2
dp = d( (1.1)
If the fluid is accelerated adiabatically through a nozzle from rest
to some final velocity, a certain drop in pressure will occur as given
by an integration of Eq. (1.1). If the fluid is then decelerated to
negligible velocity, the pressure increases to its original value, How-
ever, if the density could be increased by some outside mechanism after
the fluid has been accelerated to a finite velocity, then the pressure
recovery during the deceleration would be larger than the pressure drop
---------------------------------------------------------------
*Stagnation pressure p0 is defined as the pressure a stream would have
if it were decelerated to zero velocity reversibly and adiabatically.
For an incompressible fluid p0 p + e V2 /2,
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required for the acceleration to that velocity because the coefficient
in Eq. (1.1) would be larger during the deceleration, Thus, a net
increase in the stagnation-pressure level would occur.
Several qualitative results.can be easily deduced from Eq (1.1):
(i) No increase in pressure level by this method'ispossible
for an incompressible fluid;
(ii) To get the maximum increase in stagnation-pressure level,
(a) the density should not be increased until the ac-
celeration period is over, i.e., the maximum velocity has been reached;
(b) the density should- be increased'as much as possible
at this maximum velocity;
(c) the maximum velocity should be as high as possible.
Perhaps the easiest way to change the density is by means of heat
transfer. Since it is desired to increase the density, the direction
of heat transfer should be from the fluid. Thus,, we are led to the
conclusion that cooling a moving compressJ le fluid tends to increase
the stagnation-pressure level. Such a conclusion does not violate the
Second Law of Thermodynamics as is easily shown by calculating the
change in entropy of-the fluid and the change in entropy of the heat
sink in the environment.
One interesting advantage of a heat-transfer method for increasing
the stagnation pressure is that no moving parts are required. The.
resulting mechanical simplicity of such a device makes it very desirable,
In order to obtain a significant increase in stagnation pressure,
a considerable change in the density is required. Thus, the method is
applicable primarily.to gases and vapors.
When the continuity, momentum, and energy equations are written
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for the case of a one-dimensional steady flow of a perfect gas in a duct
in the presence of external heat transfer and wall friction,'the follow-
ing result for changes in the local stagation pressure is obtained.
dp0  o2 * (12)
p o2
For the case of no friction (f = 0), all of the conclusions dis-
cussed previously for the arbitrary fluid are obtained again for the
perfect gas, the most important one being to decrease the stagnation
temperature as much as possible while the Mach Number is at its maximum
value*
When the effect of friction on the stagnation pressure is also
included, it is seen that the important factor is the sign of the
quantity in the brackets of Eq. (1.2). Shapiro and Hawthorna. (1) have
considered the case of cold duct walls cooling the flow (i.e., a simple
heat exchanger). They have shown, by using Reynolds Analogy between
heat transfer and momentum transfer$ that the wall temperature required
to make the bracketed quantity of Eq. (1,2) negative is approximately
Twall = -To on the absolute temperature scale. Since negative absolute
temperatures are impossible to attain, it is not possible, in the
presence of friction, to get a stagnation-pressure increase through
the use of heat-transfer surfaces.
Another method for changing the stagnation temperature of a gas
is to inject into the gas stream another fluid at a much lower
---------------------------------------------------- ----------------------------------
*This is a simplified case of the equations derived in Chapter II and
summarized in Table I. Equation (1.2) is also tierived in References
(1) and (6).
temperature. The interaction between the two streams will decrease the
stagnation temperature of the hotter one. From momentum considerations
of the mixing process and as is shown later in Table I, it is desirable
to inject as small a mass of fluid as possible. Therefore, a large
heat capacity per unit mass of the injected fluid is desired. Water
seems to be the best fluid to inject because of its large enthalpy of
evaporation as well as obvious economic considerations.
The physical elements that make up a device in which water is
evaporated into a high-velocity gas stream are: a nozzle to accelerate
the gas stream to high velocity; a water injection system; a section
of duct for evaporation of the injected water into the gas stream
thus cooling it; and a diffuser to decelerate the flow and increase
the static pressure to the stagnation-pressure level. Such a device
has been named an Aerothermopressor.
The heat transfer between the two streams at any point in an Aero-
thermopressor depends only on the local water droplet-gas stream inter-
actions and is entirely independent of the wall friction at that
location. Therefore, the limitation previously imposed by the heat
transfer and skin friction interrelation at the duct wall no longer
applies. Wall friction is still important but it is not necessarily the
dominating effect it was in a simple heat exchanger. A number of new
effects are also present in the Aerothermopressor process. Among them
are momentum and energy effects of injected water, and the change in
composition of the gas because of water vapor mixing with it.
Preliminary calculations by Shapiro and Hawthorne (1) indicated
the possibility of getting a significant stagnation-pressure increase
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by evaporating water into hot air streams. As a result of further calcu-
lations, first small-scale and then large-scale experiments were
carried out at the Massachusetts Institute of Technology. Extensive
theoretical computations were also tade. The major results were ob-
tained and reported by Wadleigh (2) (experimental work on a 2.125-inch
diameter Aerothermopressor), Gavril (3) (theoretical analysis of the
Aerothermopressor), and Fowle (4) (experimental work on an 11-inch
diameter Aerothermopressor). A summary of much of the work is given
in Reference (5).
The object of this study is: (i) to carry out further theoretical
calculations and to study the effects of the assumptions that have been
made; (ii) to devise a method of designing an Aerothermopressor with
optimum performance; and (iii) to carry out variable-area experiments
on an 11-inch diameter Aerothermopressor.
-6-
CHAPTER II
THEORETICAL ANALYSIS OF THE AEROTHERMOPRESSOR PROCESS
The design of an actual Aerothermopressor is shown schematically in
Fig. 2.1.
V e-0
T=To, y~0
P =Poi '~: P =P02
WO + wtz
wo~
Fig. 2.1. Schematic diagram of an Aerothermopressor.
The motivation for the design is based on the following preliminary
considerations. It is desirable to cool the hot air when the Mach Number
is high and therefore the air is accelerated before the water is injected.
The overall pressure rise in an Aerothermopressor depends largely on the
difference between the beneficial effects of evaporation and the detri-
mental effects of wall friction. Therefore, all of the water is injected
at the inlet, and distributed evenly over the cross-sectional area so
that evaporation occurs in a minimum length of duct, thus keeping wall-
friction effects as low as possible. To obtain small droplets and
consequently good heat transfer, atomization of the water is obtained
by a large relative velocity between the air and water flows at the
inlet.
2.1. Theoretical Model of the Aerothermopressor Process
The physical processes of the flow corresponding to Fig. 2.1 are
idealized as follows for purposes of analysis: hot air is accelerated
isentropically to high velocity in the nozzle; water is injected
axially at section Q and is immediately atomized into small spherical
droplets of diameter £a which are uniformly distributed over the cross-0
sectional area; no further breaking-up or agglomeration of the droplets
occurs downstream and they remain uniformly distributed; the gas flow
and the liquid-droplet flow in the duct can each be considered as one
dimensional, i.e., the gas velocity (and temperature) and the liquid
velocity (and temperature) are constant over any cross-sectional area
but are not necessarily equal to each other. The gas phase is assumed
to obey the Gibbs-Dalton Law and the perfect gas equation of state,
p =fRT but with temperature-dependent specific heats.
The conditions to be specified at the inlet (section Q ) to
completely fix the state corresponding to a one-dimensional formulation
are seven in number and can be taken as the mass flow of gas wl,
the gas stagnationtemperature To,, the gas velocity V1 , the area A1,
the liquid velocity Vei, the liquid temperature T>1, and the
liquid flow rate wap. From these variables any other desired quan-
tity can be calculated such as, for example, the Mach Number M1 , the
temperature T1 , the pressure pi, the gas stagnation pressure p0 1 , or
1f., the ratio of mass flow of injected liquid to mass flow of (dry)
air. Note that none of these latter quantities can be fixed in
*
addition to the first seven listed. If the seven specified inlet
A different combination of seven inlet conditions may be chosen but
care has to be exercised to avoid a group in which all the quantities
are not independent, e.g., no more than two of (p1 ,p and 1) or of
(T1 , T01 and MI) should be chosen.
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conditions are fixed, as well as the mechanical design of the water
injector, then the mean initial droplet diameter JY is also fixed by
the mechanics of droplet atomization.
Heat transfer, mass transfer and aerodynamic drag between the liquid
droplets and the gas as well as friction at the duct walls, external heat
transfer and variation of the local cross-sectional area (which can be
specified arbitrarily in the design) cause time rates of change in the
properties of the flow. At some location z, downstream of the inlet
section, eight quantities are now necessaryand, sufficient to fix
the local state of the stream. They may be taken as the mass rate of
flow of the gas phase w, the mass flow of liquid droplets wy , the
pressure p, the area A, the gas-phase velocity and temperature V and T,
and the liquid velocity and temperature V and Tt * Any other desired
local property can be calculated from these eight variables. The most
commonly used additional variable in the analysis is the Mach Number of
the gas flow, M M V/kRT.
2.2. Governing Physical Equations.
In order to determine how these eight variables change from point
to point along the duct, eight physically independent relations are
necessary. Two relations can be obtained by considering the Law. of
Conservation of Mass (continuity equation) for each of the two components
of flow, air and water. Two additional equations are obtained by satis-
fying Newton's Second Law of Motion (momentum theorem) and the First Law
of Thermodynamics (energy equation) for the composite liquid and gas
flow. Three relations are furnished by the interactions between the
liquid and gas flows, namely heat transfer, mass transfer and droplet
drag. The final condition is obtained by the (arbitrary)specification
-9-
of area variation with distance in an actual design.
Since most quantities vary continuously along the duct, it is con-
venient to write the governing. equations in differential form as ob-
tained from considering a control volume of differential length as
shown in Fig. 2.2.
d z
p + dp -
V+ dV
*T WS = 0dw
w1 wwd +dww dwPdw
w wA+ dA
dp~~~~ + dV Vfd AdSd
TI +dT 1
dO
Fig. 2.2. Differential control volume.
The derivations of the governing equations are given in detail in
Appendix A and the following results are obtained:
The continuity equations [Eqs. (A.) and (A.1:
dw =0
a
dw~
dTdw v V- d A dV
The momentum theorem [Eq. (A.5)]
dp ~[dV 4fdz de ( dw1 =(2)p+ kM2 IT~~ I -)0V22
The energy equation [Eq. (A.8)J
dT dQ -w- + 
--
h - + (k-1)M2  + - y-- =0 (2.3)
T c pT CpT w -YV
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Before writing out the remaining governing equations, it is instruc-
tive to combine equations (2.1), (2.2) and (2.3) with the perfect gas
equation of state, Eq. (A.9), and the Mach Number definition, Eq. (A.10)
(the latter two also written in differential form). With algebraic
manipulation, it is then possible to express the changes in the gas-stream
properties in terms of changes in quantities determined externally and
quantities fixed by the local interaction rates. For example dp/p can
be solved for in terms of dA/A, (dQ - -dh)/c T , dw/w, 4f(dz/D),
dVt /V, dW/W and dk/k only. The influences listed are all independent
variables (dA, dQ, and dz) or else determined by the droplet drag (dVi),
the mass transfer (dw/w, dW/W and dk/k) or the heat transfer (dh). The
results of solving for changes in the gas stream properties in this
manner are summarized in Table I ("Influence Coefficients") on page 11
in the same general form as used by Shapiro and Hawthorne (1) for
similar problems. Table I is to be interpreted in the following way
using the pressure p as an example. The differential equation for the
total change in p due to all influences is given by
dp f2 dA k2 1 + (k-l)M2 /2 dQ - (wk /w) dhp
p 1-M2 (A 1-M2 c T
1 + (k-l)M 2 /2 (h - h2 ) + (V2 /2)(l-y 2 ) 1+(k-l)M2 ~ dw
+ kM' 1-M2  c T0 - 2 W
2
-k 1+(k-1)M2 4fdz kM2 1 k1(-) 1w dVj
-M 2(1-M2) Zi~ 1-Mw 1 +. (kiV1yM --
+ dW + 0dk1M W KF
ENO
TABLE I - INFLUENCE COEFFICIENTS
dA dQ- 1dh dw dz wt dVI dW d k
CpTo w V W k
(l+kM2)(1+V192) h,-hj+ 1 I-/ Y2kM2
dM 2 2(+ rM2) (l+kMXl+M 
-M cpTo kM2(1+'M2) ) 1+kM2
M I-M 2  I-M 2  2(1+YMI l 2] I-M 2  I-M 2
+ [ -M +(1- y)kM [2(+ Mj- (1+k1y
dV I 1+ + M2 h+ - 2 Y j I+(l-y)kM 2  kM2  kM2-(k-l)May
V -M2  I M2  - 2 cpT0  I-M
2  2(0-M 2) 1-M2  0
dp kM2  kM2(I+ L M2) kM2(1+ M 2) h-h+ (1-y2) I+(k-)M2  kM2[1+(k-I)M2] kM2  kM
T IM 2  I -M2  I_2 [ c pTO + M 2(l-M) -M2 +(- )M IM 2
I-M 2
dT 0 
_ hy-h+ (1y2) 
-(k-l)M 2y M M2/2
+h T ( 2] IM21 yM O M+ yM2 l+L 2
dpo k kI hyh+ (1y2 k -k +k M2ky + M
0 --- 1 -- M2 k02
p90  I2M2 cpTO 2 k- I M2 n + M-I
kM h-h+ 1-2
d P hv-ht+T (l-y ) y2)____ kM2 M.2/22
0 1 2 0__ _ _ _ _ 2__ _ _ _ _ _ _ _ _ _
O -}M kMo I y+k2 cp M2 - M2 -M y) IM+ / -naM2S22 2
PG0  IT +-i 22 I+LIM 2 v2 k-t2 kl
L2 2M2 (kt2 )/(+ M)
dp h~h+ (I y2) + _hl+M (1 2 _I kM2kP kM2  km W L_ y I -~M2 2 k
0 _2 - cp2 (l-L 2M~oy2 -kM (l-y) a - fI) a na
Definitions:
y 0 Va/V
a_ =0/T1+ (1+-.MLy2) M2
-h iM2
0 , h + 2 ( y2 )
cpT0  l+k LM
D_ 1 a I- IT k 2
To//T E I+ k- M2
Po /p F- (9o/ T )F-j
Note : The table summarizes the algebraic relations between the
variables of the left-hand column and the variables of the
top row, and is to be interpreted in the manner,
dM2  2(l+!L1M2)dA (l+ kM )XI+hiM2) dQ- Mdhf
-+ +... et c.M2 I-M2 A I -M2 cpTO
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2.3. Stagnation Properties
In addition to having the results for changes in the stream pro-
perties p, T, M and V, it is illuminating to consider a few additional
dependent variables. The first one to be introduced is the local gas-
phase stagnation temperature T which is defined as the temperature the
gas phase would have at any section z if it were decelerated to zero
velocity steadily and adiabatically and in the complete absence of
liquid droplets. That is, no interaction between the gas phase and
the droplet cloud is permitted during this imagined process. The local
gas-phase stagnation pressure p0 is then defined as the pressure that
would be reached by the gas phase if it were decelerated reversibly,
steadily and adiabatically to zero velocity in the absence of any
interaction with the liquid-droplet cloud.
Another property of importance is the local mixture stagnation
temperature 9 . The mixture stagnation temperature is defined as the
temperature the gas phase would have if both the gas and liquid phases
were decelerated to zero velocity steadily and adiabatically, if no
heat or mass transfer is permitted between the two phases and if the drop-
lets behave as rigid spheres during the process. The temperature of the
(incompressible) water droplets would not change during this imagined
mechanical process and GQ would exceed T by the amount of kinetic
energy of the droplet cloud before deceleration. Finally, the local
mixture stagnation pressure P is defined as the pressure that would
be reached if the mixture of gas and liquid droplets were decelerated
to zero velocity reversibly, steadily and adiabatically with only
reversible mechanical interactions between the gas and droplets. Such
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a process means that the kinetic energy of the droplets must be com-
pletely converted into reversible work that is done on the gas phase.
A possible physical process to accomplish this would be to decelerate
a stream composed of flowing gas and rigid particles while keeping
the relative velocity between the gas and particles vanishingly small.
The importance of these stagnation properties lies in the fact
thait they illustrate best what has been accomplished up to any point
in raising the overall pressure level (the object of the Aerothermo-
pressor process) and the remaining potential for further cooling.
For example, if' no external heat transfer and no evaporation have
occurred, the local mixture stagnation temperature e is equal to e01
at the inlet regardless of the values of the local liquid or gas velo-
cities. Also, as the local mixture stagnation temperature begins to
approach the temperature of the liquid droplets, the capacity for any
further evaporation is approaching zero. Similarly, the value of the
local mixture stagnation pressure shows what the net gain by previous
evaporation has been, independent of the level of the local velocities.
The gas-phase stagnation properties are not quite as indicative
or important as the mixture stagnation properties. However, they are
introduced because the gas-phase stagnation pressure p0 is a pressure
that is measured directly in some of the experiments. In all follow-
ing discussions of the Aerothermopressor process, if any ambiguity
arises, the term "stagnation pressure" will always refer to the mix-
ture stagnation pressure.
To illustrate the use of the stagnation pressures consider the
following simple example. An incompressible fluid carrying solid
particles of negligible volume flows without friction from a region of
very low velocity through a constriction as shown in Fig. 2.3 and then
decelerates to very low velocity again. All accelerations are gradual
VI O V2~ y 0
Ol Ol P o P0p1 0p
p (fluid density) 111
p (1+y) (mixture
density)
Figure 2.3.
enough so that the particle velocity is always equal to the stream
velocity. The effect of area change is now investigated. At any inter-
mediate section the local static stream pressure, p, the local stag-
nation pressure, p0 , of the liquid alone and the local mixture stag-
nation pressure, P0, are calculated. The results are easily obtained
using the continuity equation and Bernoulli's equation. The latter
is valid between any two points of the flow if the density of the mix-
ture f(l+Y) is used. (The ratio of mass flow of solid particles to
mass flow of fluid is defined as 3). The results are
p = pi - (l+ K) ; dp = (1+ ) V2
2 2 dA
p0 = = p -FV 2 dp0 = V A (2.4a,b,c)
P = p+ (l+ )V = pi= const.; dP =0020
Because the flow is just a reversible acceleration and then a
reversible deceleration, the net change in pressure level due to the
area variation is zero. However, the fact that the flow will return
to the original stagnation pressure is not as immediately obvious from
either of Eqs. (2.4a) or (2.4b) as it is from Eq. (2-.4). In order
to remove the obscuring effect of the local velocity, the mixture
stagnation pressure P0 is chosen as most illuminating.
In the Aerothermopressor process, many more effects are present
than in the simple example just discussed. Therefore, it is almost
impossible to decide from considering just the local dp/p whether the
sum of all effects at that location is to raise or lower the final
pressure level. In order to eliminate the obscuring effect of both
the local gas-stream velocity V and the liquid velocity V , the local
mixture stagnation pressure P should be used. The fact that the local
value of P in the absence of any additional Aerothermopressor action
is the same as the final pressure should be clear from the definition
of P (page 12 ). The reason that the actual final pressure may
differ slightly from the local value of P (even if no additional heat
or mass transfer is permitted) is not to be blamed on the Aerothermo-
pressor process; rather it is a consequence of the fact that it is not
known how to make a frictionless diffuser for an actual case.
The results for dT 0/T 0 , de9/ 0 , 0p /P, and dP/P are derived
in Appendix A by differentiating the e: aressions thnat are obtained
from the definitions of the respective quantities. These results are
tabulated in the last fou>r rows in Table I. The behavior of the term
dP0/P0 is especially interesting because it tells just what helps or
hurts the stagnation pressure at that point and, consequently, if
anything is being contributed to the final pressure level in the Aero-
thermopressor process. The equation for dP0/P0 for the Aerothermo-
pressor is analogous to Eq. (1.2) for change of stagnation pressure
in a heat exchanger. In the Aerothermopressor a stagnation-pressure
rise is possible; in a heat exchanger, a stagnation-pressure loss
always results.
2.4. Qualitative Behavior of Stream Properties
In order to understand both the experimental and theoretical
reslts, it is desirable to consider the quelitative changes in each
of the stream properties caused by changes in the variables listed
across the top row of Table I.
By substituting numerical values, it can be verified that the
dQ, dhf , dW and dk terms are unimportant when compared with the re-
maining terms involving area change (dA/A), evaporation (dw/w), wall
friction (4fdz/D) and droplet acceleration (dj /V). The effects of
these four most important variables on the gas-stream properties are
summarized qualitatively in Table II and discussed briefly in the
following paragraphs. Since the coefficients in Table I are given
primarily in terms of Mach Number, most attention in the following
discussion will be on changes that are caused in Mach Number and in
the mixture stagnation pressure.
Evaporation. The reason for studying the Aerothermopressor pro-
cess is to determine the effects of evaporation on the different
variables. The effects of evaporation are shown in the dw/w term for
positive values of dw. Not only is the expected quantity (h v-h2)
present in the coefficient, but, in addition, terms appear involving
energy and momentum effects that are due to acceleration of the
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Area
increase
produces(a)
Evaporation Wall
produces friction
(b) (h) produces(c)
Liqcjuid
acceleratio:
_________c__ -- c,1 d d
Mach Number, M subsonic decrease decrease increase icrease
supersonic increase increase decrease decrease
Gas Velocity, V subsonic decrease decrease increase increase
supersonic increase increase decrease decrease
(e)Pressure, p subsonic increase increase decrease decrease
supersonic decrease decrease increase increase(
Temperature, T subsonic increase decrease decrease decrease e)
supersonic decrease increase increase increase"e)
Gas Stagnation subsonic 0 decrease 0 decreasefz_'
Temperature, T supersonic 0 decrease 0 decrease'r
0 
- __---__---
Mixture Stagna- subsonic 0 decrease 0 0
tion Temperature supersonic 0 decrease 0
Gas Stagnation subsonic 0 increase decrease decrease
Pressure, p0  supersonic 0 increase decrease decrease
Mixture Stagna- subsonic 0 increase decrease decrease
tion Pressure, P supersonic 0 increase decrease decrease
Notes: (a)
(b)
(c)
(d)
(e)
(f)
(g)
(h)
Opposite effects for area decrease.
Opposite effects for condensation.
Opposite effects are impossible.
When y<l, dV > 0; when y >l, dVp< 0.
Opposite effect for liquid deceleration except at high
(and unusual)values of M and y.
Opposite eiect for liquid deceleration.
Same effect for liquid deceleration.
Based only on the term (see Table I):
h - hj + -(1-y)
c T
p 0
TABLE II - BEHAVIOR OF STREAM PROPERTIES
UNDER INFLUENCE OF AREA CHANGE, EVAPORATION,
WALL FRICTION, AND DROPLET DRAG
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evaporated liquid dw to the velocity of the gas phase. For typical
conditions, (h -he )/c T 0> 3* and larger than the other terms.
Thus for the range of properties in the typical Aerothermopressor pro-
cess, the stagnation pressure always increases and the Mach Number
always proceeds away from unity in the presence of evaporative effects
only.
Wall Friction. The wall friction term 4fdz/D is inherently posi-
tive because of the definitions of z and D and because the Second Law
of Thermodynamics does not permit the friction factor f to be negative.
Therefore, the stagnation pressure is always reduced by friction and
the Mach Number always tends toward unity.
Changes in Liquid Velocity. Changing the liquid velocity affects
the stream properties because of both momentum and energy interactions.
Since a droplet is accelerated or decelerated only because of frictional
effects between the droplet and the gas stream, any change of liquid
velocity is irreversible'with a consequent stagnation-pressure loss
unless the relative velocity tends to zero (y = 1). This result shows
up as expected in the expression for dP for either positive or nega-0
tive values of &I (since dV '>:0 only when y < l and dV < 0 only
when y >l). For positive values of dV, (droplet "drag"), the Mach
,lumber tends toward unity, while for negative values of dVe (droplet
"thrust"), the Mach Number proceeds away from unity (except for very
----------------------------------------------------------
* hyh- 1000
c T (.25)(1200)
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large values of y or M which are out of the range of normal Aerotherio-
pressor operation)*
Changes in Area* Area thange may be positive or negative and is
the variable over which the designer has some choice in order to try
to control the Aerothermopressor process. The change in area at any
location does not change the stagnation pressure at that location, but
by affecting other variables at that point, the area change influences
the stagnat6n-epressure change at sections further downstream. An
increase in &ea tendb to drive the Match Number away from unity,
while a decrease iP area has the opposite effect--the usual results
in a compressible flow when only area change is permitted.
As mentioned previously the other influences on the stream proper-
ties are not as important as the ones just listed. The dQ term
represents external heat exchange with the environment. It is zero
only for an insulated duct. However, for a duct exposed to ordinary
room temperatures, the external heat transfer is truly negligible when
compared with the other energy exchanges in the Aerothermopressor. It
is taken to be zero in all calculations. The dhg term depends only on
the change in liquid water temperature which is small because the water
tends to remain at the wet-bulb temperature. The dW/W term is deter-
mined by the molecular weights of air and water, the composition of the
gas phase and dw/w (see Eq. A/e22). Mixing additional water vapor with
the gas phase decreases the molecular weight and therefore the stagna-
tion pressure also. The last term, dk/k is determined by ka, ky, com-
position and dw/w. Its effect is extremely small.
It should be emphasized that theapiroximatidns!junt'discpssed are for
the purpose of making it easier to understand the major effects in the
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Aerothermopressor process and to help interpret the calculated and
experimental results. In the detailed computations that are to be pre-
sented, all of the effects of dW/W, dk/k and dh are included.
2.5. Description of Typical Aerothermopressor Process
With the aid of Table II, it is easy to explain the qualitative
behavior of various properties in the Aerothermopressor. As a simple
example consider a long constant-area Aerothermopressor as shown in
Fig. 2.4. At the entry plane the gas has a high temperature and high
Temperature
Fig. 2.4. Qualitative behavior of properties.
velocity (but let the Mach Number be subsonic, say Mi <0.7). Liquid
water is injected axially at low velocity and low temperature.
The first important effect is the atomization of the liquid into
droplets. Then because of the large velocity difference between the
gas stream and the liquid droplets, the droplets undergo very large
accelerations. The effects of the droplet acceleration exceed even
the large evaporation effects for a short distance. This region where
effects of liquid acceleration are dominating has been designated
Regime I (3). The most important of the resulting effects are:
(i) sharply rising liquid velocity; (ii) decreasing pressure; (iii) in-
creasing Mach Number; (iv) increasing liquid temperature (approaching
the wet-bulb temperature); (v) decreasing stagnation pressure.
Because the droplet accelerations are so large, the droplet velo-
city rapidly approaches the velocity of the gas stream. Then, as the
droplet acceleration drops off, evaporation becomes the most important
phenomenon in the Aerothermopressor. That portion of the duct in which
evaporation is the controlling influence is designated as Regime TI.
The most important accompanying effects are: (i) decreasing stagnation
and static temperatures; (ii) increasing pressure; (iii) increasing
stagnation pressure; (iv) decreasing Mach Number; (v) decreasing liquid
and gas velocities; (vi) essentially constant liquid temperature.
After considerable evaporation, the temperature difference between
the liquid and gas streams has become small enough so that any additional
evaporation proceeds at a very slow rate. As a consequence, wall fric-
tion becomes the controlling factor and this region of the duct is
designated as Regime III. The most important accompanying effects; are:
(i)\ decreasing stagnation pressure; (ii) decreasing static pressure:
- 22 -
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(iii) increasing Mach Number; (iv) increasing liquid and gas velocities;
(v) decreasing static temperature. Nothing is to be gained from
Regime III, and therefore the flow should be decelerated to low velocity
before that point is reached.
The controlling influence along the duct does not suddenly change
from one phenomenonto another. Rather the transition is gradual and
typical behavior is sketched qualitatively in Fig. 2.4.
If the initial Mach Number of the gas flow is supersonic, a sketch
of the type shown in Fig. 2.4 can be easily constructed using Table II
as a guide.
If area variations are permitted, the changes in properties due
to dA/A have to be added at each location. Since positive and nega-
tive changes in area are possible, behavior of all other properties
can be considerably influenced by the area variation.
In Section 2.8 quantitative examples of property variations
throughout the Aerothermopressor process are presented as well as
additional discussion of the boundary conditions.
2.6. Governing Equations for Interactions Between Gas and Liquid Streams
In order to complete the formulation for the detailed calculations,
the three equations governing the interactions between the droplets and
the gas phase are now introduced:
Droplet Acceleration [Eq. (B.20]:
d (CdRey) 7!-r4 (V - V) (2.5)
Mass Transfer [Eq. (B.14)
_ hm, n (2.6)dt -dt m jvc
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Heat Transfer [Eq. (B.3)]:
6hdTj 6h (T T ) fg dw (7)c -- = (T - t ) - ( .7pt dt oaf O3 n dt
A number of auxiliary relations are needed in addition. Experi-
mental correlations for h, hm, and Cd are furnished by Eqs. (B.6),
(B.15), and (B.21). The time interval dt in Eqs. (2.5), (2-6) and
(2.7) is related to the length of the control volume dz in Fig. 2.2
because the droplets pass through the control volume with velocity V
Therefore:
dz = V t (2.8)
The properties of air and water are required and can be obtained from
tables (7) and (8).
A relation is required to describe the behavior of the number and
size of the droplets in the droplet cloud. In any actual case a spec-
trum of droplet diameters will result from the atomization. As a
result the smaller droplets will evaporate more rapidly and follow
velocity variations in the gas stream more easily than the larger ones.
To simplify the problem, however, the droplet spectrum at the injection
nozzle could be replaced by a number of droplets n0 of mean diameter
3. The values of n and 0 could be chosen so as to satisfy the
0 0.- 0
mass flow and the heat-transfer relations of the spectrum of droplets
exactly at the point of atomization. Then, however, the problem is to
choose n and a at later times as the droplet cloud evaporates. Perhaps
the simplest approximation is to assume that the number of drops remains
constant and the mean dianeter varies according to the evaporation of a
droplet with initial diameter Q. Then n and Oin Eqs. (2.5), and
(2.6) and (2.7) are determined by
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6 We
n =n = -0 Tr P
= -- -j = 1 (2.9)
This description of the droplet spectrum is identified as Droplet Model A.
A number of calculations for the Aerothermopressor process have been
carried out using Droplet Model A.
A detailed study of evaporation from a cloud of droplets with a
spectrum of droplet diameters is presented in Appendix C. The results
of this study for typical spectra indicate that Droplet Model A is
optimistic about evaporation rates. A different model, just as simple
as the previous one, is suggested that yields results very close to
spectrum results. This new model, designated as Droplet Model B,
assumes that the mean diameter of the droplets remains constant at
its original value aD and that the decrease in mass is accounted for0
by a decreasing number of drops. The appropriate equations are then
0
n 1 (2010)
0
Finally, information about the initial droplet spectrum is required
in order to calculate O and n0 . Experiments by Nukiyama and Tanasawa0 0
(9) on atomization yield the necessary information. ( See Appendix C.)
The most important result of Nukiyama and Tanasawa as far as application
to the Aerothermopressor process is the fact that the mean droplet size
varies inversely with the relative velocity at the point of injection.
2.7. The Mathematical Problem
As was previously established in Section 2.1, eight variables
(w, wg , p, V, T, V_, Tp and A) are required to fix the local state
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of the stream. From these eight any other desired quantity at that
location may be calculated. If these eight variables are known at
some location z, the changes in each of the variables in distance dz
can be calculated by the eight relations discussed at the beginning
of Section 2.2. The problem is somewhat simplified by the fact that
dw = 0 or wa is a constant. With this information, along with the
fact that the area variation is a known function A = A(z), the prob-
lem can be described as requiring the determination of six unknown
quantities (p) w, V, T, Vg and Tj ) to fix the local state through
the use of six-differential equations, Eqs. (2.1), (2.2), (2.3), (2.5),
(2.6) and (2.7). A few relations among variables at any location z
are also'required, but they are all readily available as was discussed
at the end of Section 2.6.
The specification of the boundary conditions completes the mathe-
matical formulation of the problem. The most straightforward set of
boundary conditions (set A) would seem to be (see page 7):
(i) Complete specification of the area, A 7 A(z)
(ii) Specification of w1 ,wji, T0 , V1, T 1, and,VE, at the
inlet z = 0.
However, the physical conditions that are imposed in an actual case
(set B).are:
(i) A = A(z)
(ii) At. z 31=0 T, , 1T21 i g , and wi or p01 are fixed.
(iii) At z zmax the final discharge pressure P2 is fixed.
Set A makes the calculation an initial value problem while set B
corresponds to a boundary value problem. If computations are to be
done by numerical means (as is necessary for the Aerothermopressor
process), the initial-value problem is far easier to carry through and
is therefore preferable. The question arises whether specification of
p at z = zmax can be replaced by specifying V, or M, at the inlet. The
two sets of caudition's are equivalent in some cases but not all. If
the local Mach Number is everywhere subsonic, then a one-to-one cor-
respondence exists between M, and P2. This is a result o1 pressure waves be-
ing able to move upstream from () to(D). For some values of Ml, how-
ever, there is nc solution. As a simple example, consider a constant-
area Aerothermopressor with a high subsonic inlet Mach Number (say
M = -95). Then the drag of the accelerating droplets, which is con-
trolling phenomenon of Regime I, drives the Mach Number towards unity.
Once unity is reached, however, no further solution is possible because
with droplet drag still the controlling influence, the Mach Number
eannot proceed away from unity. The approach to M = 1 is not an
Usymtotic one7 but rither one with an infinite slope caused by the
(l-M2) term in the denominator of many of the coefficients of Table I.
Since the solution cannot be continued past M = 1, the initial condi-
tions specified originally are incompatible. Such a condition is
termed choking. The highest physically possible subsonic value of the
inlet Mach Number Mi.(called the critical Mach Number M r) occurs for
the case when the droplet drag loses its power as the controlling
influence just as M reaches unity. If some other variable (such as
area increase or evaporatior or a combination) that drives the Mach
Number away from unity becomes controlling at that point, then the
solution may be continued to either subsonic or supersonic velocities,
the choice depending on the value of p imposed at z = z . The
max
mathematical conditions at the singular point M = 1 are discussed more
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fully in (6), (5) and (19) .
If Mi = Mcr and therefore supersonic velocity are reached
further downstream in the duct, an additional phenomenon is possible--
the normal shock from supersonic to subsonic velocities. When M, is
to equal Mcr it is not possible to specify that value of M, independ-
ently because Mcr = o' Poi, A(z), V , T11 and w1 l) only. Thus
the seventh quantity that can and must be specified for the system
of equations is the location of the normal shock.
Hence, if the boundary conditions that are imposed physically
(Set B) are to be replaced by different conditions for ease of mathe-
matical computations, the following conclusions apply:
(i) If Mi<Mer (<1), then each M, corresponds to a value of
p2 at z = z .
(ii) If Mi'>Mcr (but M, <1), no solution exists.
(iii) If Mi = Mcr (Mcr depends on only A(z), Vp, T 1, p01,
T and w then a location for the normal shock may be
prescribed as the seventh condition, each location correspond-
ing to a value of p2. (Specifying a shock location neces-
sarily implies M, = Mr'
A supersonic Mach Number at the plane of water injection is also
possible if a geometrical throat exists further upstream of that point.
Once again a limiting value of M, exists. As in subsonic flow droplet
drag again drives the Mach Number toward unity in Regime I. If some
other influence does not balance the effect of droplet drag as M
approaches unity, choking results and no continuation of the solution
is possible. If M, is sufficiently high, the droplets are accelerated
to stream speed before the local Mach Number reaches unity and the
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solution is easily carried on without choking occurring. Thus, for a
given set of the variables wgi, A(z), T91 , p01 , T 1 , and Vi, a
minimum supersonic critical Mach Number is obtained. For Mi(Mcr sup
(but M, >l) no solution exists. For M, a Mcr] sup a solution exists
and the location of the normal shock can be specified as the seventh
condition, each location corresponding to a value of P2. The value of
P2 does not determine M, for supersonic entry. Rather, M3 is determined
by the A(z) specification upstream of the plane of water injection.
Figure 2.5 shows some of the Mach Number distributions which may arise
corresponding to the cases just discussed.
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Fig. 2-5- Various Mach Number distributions,
Solution of the Equations. Because of the complexity of the govern-
ing differential equations, integration in closed form seems impossible.
In order to carry out the computations numerically, the differential
equations are transformed to appropriate difference equations which are
then solved for successive finite increments Az in the independent
variable z. Specified initial conditions (set A) are chosen to begin
the computations which are then continued stepwise along the duct.
Details of the final form of the equations and methods used are dis-
cussed further in Appendix E. The numerical results were obtained on
Whirlwind I, a high-speed, electronic, digital computer at the Massa-
chusetts Institute- of Technology.
2.8 Examples of the Theoretical Computations
Chapter IV contains a number of examples showing theoretical and
experimental results. In this section the results of a few typical
theoretical computations are presented in order to give some idea of
the magnitude of the changes in the more important variables. Fig. 2.6
shows how M, T, T2, v/V, V /Vi, P0 /P0 , C/L(fraction evaporated),
and Rey (droplet relative Reynolds Number) vary along the length of
the duct for purely subsonic flow. In Fig. 2.7 the same variables
are shown for a case of M, = Mer and a normal shock occurring in the
duct. All the qualitative changes in the variables, as discussed in
Section 2.5, are demonstrated quantitatively. For the constant-area
process, it is seen that the ranges of interest of the more important
variables include the following: a) pressure--inlet pressure level to
35% of that value; b) Mach Nuber--1 . 4 to zero; c) stagnation pressure--
inlet pressure level to 90% of that and rising to a few percent above
initial value; d) relative Reynolds Number--initial value in the neigh-
borhood of 100 to 200, but rapidly drops to below 10 usually; e) liquid
temperature--very rapid initial change to approximately the wet-bulb
temperature and essentially constant thereafter.
The results for the variation of the relative Reynolds Number and
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the liquid temperature are especially of interest because they permit
some simplifications for an approximate analysis in Chapter III. The
relative Reynolds Number is low because the very small droplet diameters
lead to drag forces that are large in comparison to inertia forces.
Thus the droplet velocity rapidly tends to become equal to the stream
velocity.
The behavior of the liquid temperature is explained by the strong
functional relationship between the density of saturated water vapor
at the droplet surface and droplet temperature. For a change in drop-
let temperature from 135* to 165*F, the density of the saturated vapor
doubles which in turn would more than double the mass-transfer rate.
Since the heat transfer for most of the Aerothermopressor process is
associated with a reasonably large temperature difference (&T = 200*
to 600*), small variations in the liquid temperature do not affect the
heat-transfer rate significantly in comparison to the effect on the
mass-transfer rate. Therefore, downstream of Regime I, the heat trans-
fer relations control the rate of evaporation while the mass-transfer
relations merely adjust the liquid temperature slightly. A further
result of this "argument 'is that Vrrarts in the mass--tnsfer coefficient
are unimportant, because the liquid temperature would only be slightly
changed to compensate for an error and, consequently, the heat transfer
would not be affected very much.
The effect of increasing the humidity of the entering air flow
can also be explained by the vapor density-temperature ration. In-
creased values of inlet h*idity would require that the droplet tem-
perature be slightly higher and consecuently evaporation rates would
be slightly lower. However, for an inlet humidity corresponding to
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that resulting from the usual combustion processes, the effect on the
Aerothermopressor process is very small. In fact if the inlet conditions
of p , T 1,1, M1, Vpi and Tti are maintained constant, an increased01 01
inlet humidity permits more rather than less evaporation to occur
because the specific heat of the entering gas is higher.
Theoretical calculations have been made to determine the effects
of changing the initial conditions as well as varying the area along
the duct. The effect of area variation on Aerothermopressor perform-
ance is very important and is the subject of later chapters. It is
difficult to summarize the effect on Aerothermopressor performance of
a change in one initial condition because the result depends on the
values of the other parameters as well as the area variation with
length. It can be stated, however, that decreased values of f/D and
and increased values of T01 always lead to better performance.
The situation with regard to the remaining initial conditions is not
as clear because of conflicting effects. These conflicting effects
are summarized in Table III and their relative importance is stated.
Some specific numerical results for the special case of a constant-
area duct are discussed by Gavril (3).
TABLE III
EFFECT OF INITIAL PARAMETERS ON AEROTHERMOPRESSOR PERFORMANCE (P /P )
Increasing Improves Aerothermopressor Performance by Reduces Aerothermopressor Performance by
Wall friction parameter Increasing wall friction everywhere(l)*
f/tD
Droplet diameter Decreasing evaporation rate because of re-
duced surface and lower transfer coef's(l)
Injection rate Increasing rate of evaporation because Increasing the droplet drag loss be-
of increased liquid present(2) cause of increased mass of liquid(2)
Injection velocity Reducing droplet drag(3) Increasing droplet diameter(3)
V2
(assuming V << V1 )
Droplet temperature Decreasing rate of heat transfer(3)
T
Stagnation pressure
P0
Stagnation temperature
T
o01
Mach Number M,
Increasing duct Reynolds Number and there-
fore reducing f somewhat(3)
(a) Increasing rate of evaporation and
total evaporation possible(l)
(b) Decreasing droplet diameter (since
V, would increase)(2)
(a) Decreasing droplet diameter(l)
(b) Increasing the velocity level for
Aerothermopressor action in Regime II(1)
Decreasing the saturation limit(3)
(a) Increasing denominator in dP /P
equation(2)
(b) Decreasing duct Reynolds Number and
therefore increasing f(3)
(a) Increasing droplet drag loss(l)
(b) Decreasing rate of cooling (lower
stream temperature(l)
(c) Decreasing the evaporation rate
per unit length because of higher
velocity level(l)
*
Numbers in parenthesis indicate the usual importance (for small changes) of the effect in a typical,
near-optimum Aerothermopressor process for Ml<l: (1) very important; (2) moderately important;
(3) relatively unimportant.
IL
2.9. Generalization of Computational Method.
Although the straightforward finite difference method described in
Section 2.7 for increments Az in distance along the duct is'-sufficient
for computations of any specified Aerothermopressor process, it is
desirable to have a few additional -features in the computer program
both for analysis of more general cases and for design purposes. In-
corporated into the computational program are the following optional
features:
(i) The cross-sectional area A may be varied not only by changing
the duct diameter, but also.by specifying the diameter of a
concentric circular plug. This.feature is easily incorporated
by using the hydraulic diameter for D in the 4fdz/D term and
by specifying the plug diameter as a function of z.
(ii) Instead of prescribing the duct diameter D as a function of z,
ihe local Mach Number may be the arbitrarily, specified func-
tion as M = M(z). The local area at each value of zis then
calculated (during the stepwise procedure) so as to correspond
to the prescribed Mach Number variation, and thus the cor-
responding A(z) is generated.
(iii) As an alternative to specifying A(z) or M(z), it is possible
to prescribe a desired variation as a-function of the local
humidity, e.g., M = M(W). This prescribed function is fed
into the computation automatically as'the humidity-distance
relation W(z) is calculated by the stepwise procedure. An
area variation A(z) is obtained that corresponds to the Mach
Number-humidity relation. This feature is especially useful
for designing an Aerothermopressor for best performance.
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(iv) The stream temperature T or the temperature difference (T-' )
can be specified as a function of z or of W instead of pre-
scribing A = A(z). The necessary area variation A(z) to
satisfy the prescribed (T - Ty ) = f(W )thereby results.
(v) A normal shock can be computed at any location (if M>1);
then calculations proceed as usual along the duct down-
stream of the shock.
(vi) Either the heat-trangfer formulation- for a constant nmiber
of droplets, Eq. (2.9) or the formulation for a contant
droplet diameter, Eq. (2.10) may be used.
(vii) Constants in the various equations (such as the heat-transfer
and drag correlations) can be changed during the computations.
(viii) If at any time the rate of change of area with respect to z
should exceed that of an arbitrarily specified conical dif-
fuser, the rate of area change can be limited to that of a
conical diffuser in order to approximate a real one-dimen-
sional flow more accurately.
The usefulness of these features will be seen in the following
chapters.
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CHAPTER III
OPTIMUM PERFORMANCE OF THE AEROTHERMOPESSOR
The increase in stagnation pressure across an Aerothermopressor
not only depends on the inlet conditions but also on the area variation
with distance along the duct A = A(z). The cross-sectional area at z
primarily influences the local Mach Number level which in turn greatly
affects the changes in the rest of the variables including Po Since
an infinite number of area variations are possible for each set of
boundary conditions, a method of determining the optimum area variation
is desirable. Then a straightforward calculation as outlined in Chap-
ter II will indicate what the maximum stagnation-pressure gain is for
that optimum area variation.
3.1. Limiting Stagnation-Pressure Ratio for heversible Cooling of Air
To get some idea of an upper bound for the final stagnation pressure,
consider the cooling of air flowing through a (variable area) duct in
the absence of friction (see Fig. 3.1). The change in the local stagnation
To IT02
M
-
e To
Heat Reservoir T r
Fig. 3.1. Reversible cooling of air.
pressure is then given in terms of the local stagnation temperature by
dp0  a2 dT0
O 2(3.1) and (1.2)
If heat is to be rejected to a reservoir at temperature Tr, then the
Mach Number is limited so that the stream static temperature T does
not drop below Tr. The maximum value of the Mach Number obtainable at
any location is therefore determined by
TT
=1+ k 1M2 (3.2)T 2 T r
Eliminating the Mach Number between Eqs. (3.1) and (3.2) and integrating
yields
6 m k lk F 01 o-TT2
-= log -- = - FTe= - L rT0
o oiTL r o Lkro
~o1 01
(3 3)
The stagnation-pressure ratio (po /oi) from Eq. (3.3) is plotted against
0 0T
T in Fig. 3.2 for T =1500 R and T = 620 R - 1600F. The maximum
o0 02 r
value of' po = 65 is obtained for cooling to the reservoir tempera-
02 01
ture . Such a high value is not expected in the actual Aerothermopressor
process because of' the many irreversibilities, but at least the upper
limit of the stagnation-pressure ratio is seen to be high.
Some additional interesting inf'ormation can be obtained from Fig e 3.2.
The change in outlet stagnation pressure p0 for a given amount of cool-
ing (as measured by the slope in Fig. 3.2) varies considerably during
the process. Conflicting effects produce this result. Near the end of
the cooling process T is approaching Tr and therefore the Mach Number
level is low. From Eq. (3.1) it is seen that the stagnation-pressure
-37-
-
a-
0-0
3-
2-
1500 1400 1200 1000 800 600 *R
Outlet Temperature, T02
Fig. 3.2. Stagnation-pressure ratio for reversible cooling.
change will then be small. At points in the process where T is large,
a high value of the Mach Number is possible with a corresponding good
gain in stagnation, pressure. However, the denominator of Eq. (3.1)
also contains T and therefore the value of dp /p for very high stag-
nation temperatures and Mach Numbers is not infinite but has the limit
dpo0 k dT 0
Po] k-1 T r
For a fixed initial stagnation pressure level p01, increasing the
initial temperature T01 and/or decreasing the final temperature T02
always yields a higher final stagnation pressure p02 . For a fixed
value of T01 the value of T0 2 for which dp 0 2/dT02 is a maximum can
be found by setting
d dp
dT dT
from Eq. (3.3). The result of doing so yields
1 +
020
Lr -(dp 0
02 max
Similarly, if T is held constant, the value of T corresponding to
(A.n/dT ) can be determined and yields
T 01 +
dT
d0oi max
Thus, although increasing T01 always leads to a higher final stagnation
pressure, the increase in the final pressure for a given increment of
T is less at high values of T . Note, however, that this conclusion01 01
has been reached using an analysis that eliminates all irreversibilities.
3.2. Thermodynamic Limit of Performance of the Aerothermopressor.
- In addition to finding an upper bound of the final stagnation
pressure for the cooling of air without friction, a final stagnation-
pressure upper limit can be easily established for a process somewhat
more closely resembling that in an actual Aerothermopressor. The neces-
sary equations involve only thermodynamic relations. To do so consider
a steady-flow process with air and water flows as shown in Fig. 3.3.
The hypothetical device inside the control surface exchanges no heat
or work with the environment (as is the case in an actual Aerothermo-
pressor), and the processes occurring in the device are assumed thermo-
dynamically reversible. Such a device will have a higher final pressure
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than any irreversible device that is similarly isolated from the envir-
*
onment
To obtain the outlet conditions shown in Fig. 3.3, it is not neces-
sary to consider the detailed process occurring in the device. The
Control Surface
r--------------
Pal
A rToi
PW
TwI Water--
w7-4.-
WwWWw I
-+Air a Water
P2
T2
W=- wa (I +)
Fig. 3.3. The reversible Aerothermopressor,
following relations completely determine the exit state.
For steady flow, no external heat transfer and no shear work,
the First Law of Thermodynamics yields
wg
h - h = -- (h - h )= (h - h ) (3.4)
al a2 w W2 wl w2 wia
The Second Law of Thermodynamics requires that the total entropy change
in a reversible adiabatic process be zero. Since this is a steady-flow
case, the entropy change within the control volume is pero and therefore
the change in entropy of the air flow must be equal and opposite to that
*
Otherwise it can easily be shown that a perpetual-motion machine of
the second kind would result, which is impossible according to the
Second Law of Thermodynamics.
Reversible
Aerothermopressor
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of the water flow.
S - =a) (s, 2 -s) (3.5)
The final temperature of the air ( equal to, the final temperature
of water vapor
t = t(3
a2 'W2(36
and the partial pressures at exit are related by
) = .622 - (3.7)
Pa2 (37
Since two independent properties completely determine the state of a
pure substance (in the absence of gravity, motion, capillarity, etc.),
the final state can be calculated from Eqs. (3.4 ).to (3.7), the Stearn
Tables (7) and the Gas Tables (8). Results, of such calculations are
shown in Table IV.
From Table IV it is observed that pressure ratio P2/p of the gas
stream is quite insensitive to inlet water temperature T 1 , ,inlet water
pressure i and inlet air pressure p. The ratio of water flow to
vi al
air flow is very important as is the inlet' stagnation temperature of'
the air T . There two most important effects are shown in Figs. 3.4
and 3.5. The pressure rise P2 - Pa is insensitive to changes in T
and p ;.it is a muh stronger function of p , T , andto .
Equations-(3.4) to (3.7) have been written assuming no lilquid water
remains at the outlet. An extension of the computations can be easily
made to cover such'a situation. - However, the cooling due to change of
temperature of the liquid is so small compared with cooling due to
evaporation, .that it is impractical for an actual Aerothermopressor to
operate in this region.
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THERMODYNAMIC LIMITS OF PERFIORMNCE
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These results are qualitatively expected for a reversible Aero-
thermopressor for the following reasons:
(i) The amount of cooling associated with a change in the tempera-
ture of the injected water is small compared with the cooling
that occurs due to evaporation of the liquid water.
(ii) Very little work is required to compress liquid water to high
pressure and therefore not much gain in gas-stream pressure
is expected. (If water injection at high pressure were able
to increase the gas output pressure significantly, a small
amount of this pressure increase could be used to produce
work from a turbine at the outlet which could then operate
a pump to raise the inlet water pressure to high values.
The pressure drop across such a turbine would be small com-
pared to the nressure rise across the pump because the shaft
work done in a steady-flow device is proportional to the
specific volume of the working fluid. and the specific volume
of th; leaving gas is much greater than that of liquid water,
Since this proposal would increase the final pressure to a
value above that of our original reversible machine, such a
result is not possible because of the Second Law of Thermo-
dynamics.)
(iii) Analysis of reversible cooling of flowing air as examined in
Section 3.1 suggests that the pressure ratio depends only on
the cooling. This suggests that in the Aerothermopressor
process the pressure ratio may also depend primarily on just
the cooling (and not on the pressure level). If the pressure
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ratio is not a function of inlet pressure, then the pressure
rise will depend on the value of the inlet pressure p
The behavior of p2/p versus( Cas shown in Fig. 3.4 is similar
to that shown in Fig. 3.2 once more demonstrating that the greatest
gain in stagnation pressure is obtained at the high Mach Number levels
(i.e., before the stagnation temperature approaches the stream tempera-
ture).
The values shown in the last two columns of Table IV are extremely
encouraging. It should be remembered though that these are maximum
values attainable only in a reversible device and, therefore, may be
misleading. It does not seem to be possible to eliminate all irre-
versibilities in a real Aerothermopressor or even to reduce the effects
of irreversibilities to a low level. The principal irreversibilities
present in the Aerothermopressor are: (i) wall friction, (ii) friction
(aerodynamic drag) between the droplets and the gas stream, (iii) heat
transfer from the gas to the droplets across a finite temperature dif-
ference, and (iv) mass transfer of water vapor from the droplets to the
gas stream across a finite concentration difference. If steps are
taken to reduce any one of these irreversibilities, one or more of the
others is increased.
Thus the results shown in Table IV are not realistic for an actual
Aerothermopressor, but they do show that the object of getting a stag-
nation-pressure increase does not buck the thermodynamic facts of life.
Not only is caution necessary in applying the stagnation-pressure
results of Table IV to a real Aerothermopressor; in addition. conclu-
sions about the effects of pai 9 wi and T should be reviewed becau.se
these variables may affect the magnitude of the irreversibilities in
an actual Aerothermopressor. This factor is completely ignored in the
reversible analysis that led to Table IV.
3.3 An Exact Method for Determining Optimum Aerothermopressor Performance
The overall stagnation-pressure ratio for an actual Aerothermopressor
may be obtained by integrating the differential equation which is taken
from the last row of Table I (page 11) .
P zP02 Z
4AP 0 P0 -P dP = F dz (38)
P1 z1
where
F=F ,wV, V ,TTpAw, 'w' g ')
In order to carry out this integration for a specific case, the following
steps are necessary:
(i) A(z) is prescribed and therefore known;
*
.rimed quantities denote differentiation with respect $o z, e.g.,
e'i/dz. F is given explicitly by
F M 2 fA (1+h -y) h + (1-y2)V2/2 y2
F (l} y - 14 A-- 2(1-Y),d
104 4f 2 vi w f
'VV2D 2c T dz V w dz
+1 A d2) 1 d 1 dk
20W +w y dz + - 1-32 L0K j o dz.
T , , o(, M, ,y, 0 ,h , ht, c , W, f and D may be expressed in terms
o 0 v . p
of w, w ,A, p, T, Tj , V, Ve, relations among properties of a pure sub-
stance and the constants () l, Wa Wy, k and k
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(ii) The dependent variables V, V1, T, TI, p w and w are
calculated at each point along the duct from the seven govern-
ing equations, Eqs. (2.la,b), (2.2), (2.3), (2.5), (2.6), and
(2.7) and the specified initial conditions as discussed in
Section 2.7;
(iii) The derivatives Ty', w' and Vf are calculated;
(iv) Substitution of F into Eq. (3.8) and integration yields the
overall stagnation-presswre change.
To obtain improved performance, the designer would like to have an
optimum Mach Number distribution along the duct. The means to accom-
plish this is in the choice of the area variation A(z). If the area
variation is not specified but left arbitrary in order to obtain best
performance, then the seven governing equations are not sufficient to
determine the eight variables and an additional constraint is required.
That additional condition is to make
Z2
AP0 = f F dz = maximum (3.9)
The mathematical problem is now one of maximizing an integral which
is the subject of the calculus of variations. The procedure for making
an integral stationary .is fairly straightforward. In this case, however,
complications are present due to the fact that seven constraint equations
must be satisfied simultaneously with the maximizing of the integral
and these constraint equations are in differentia1 form,(namely the
seven governing differential equations). In addition, the usual calculus
of variations problem specifies that the variables to be determined
(V, A, V1, T, etc.) should have fixed end points. In this case only
the inlet conditions are specified; the conditions at z = z2 are
"floating".
A detailed'analysis of the problem just described is given in
Appendix D. The result of that analysis is a set of fifteen first-
order, simultaneous, total differential equations in fifteen dependent
variables. Eight of the dependent variables are V, Vp, A, T, TE, p,
wo and w. Seven of the equations are the Aerothermopressor governing
differential equations. The remaining equations and variables are
necessarily introduced by the methods of the calculus of variations.
Of the fifteen differential equations, the seven governing equa-
tions are the simplest. The remaining eight are non-linear. In
addition, the problem is a boundary value one since some of the condi-
tions to be satisfied are at z = z2 . As a consequence of these mathe-
matical difficulties, it seems to be quite out of the question to
attempt to obtain a solution.
A few supplementary remarks are appropriate to the problem.
(i) The equations that are obtained are necessary conditions.
Sufficient conditions have not been investigated.
(ii) Mathematical solutions may be obtained involving very rapid
rates of change of area with distance along the duct. These
solutions would not be valid physically because the flow can-
not then be accurately described by a one-dimensional analysis.
This so-called "exact" method for obtaining optimum Aerothermo-
pressor performance is not satisfactory. Recourse to an approximate
method is therefore indicated and is the subject of the Section 3.4.
3.4 Approximate Method for Determining Optimum Aerothermopressor Per-
formance.
The "exact" method of determining optimum Aerothermopressor per-
formance involves maximizing an integral, i.e.,
dP dP
P F dP -dz = do = maximum (31
P z. i0d
An approximate way to maximize this integral is to require dP /dw to be
a maximum for each bit of additional evaporation. Such an assumption
ignores, the possibility that by having dP0 /dW smaller at one place,
it may be made much larger somewhere else. The method therefore
assumes that local conditions completely determine the most desirable
dP0/dL) and that pkst and future history of the process are of no im-
portance.
The exact expression for the derivative dP0/dW can be obtained
from the last row of Table I. In this expression are several quantities
that are not known at each part of the process. However, inspection
of a number of detailed theoretical calculations such as are shown in
Figs. 2.6 and 2.7 permits the following observations to be made:
(i) The droplet acceleration (Regime I) occurs in a very short
length of duct (a few inches).
(ii) In Regime II, the liquid velocity is approximately equal to
the gas-stream velocity (y = 1).
(iii) In Regime II, the liquid temperature is approximately constant
at the wet-bulb temperature and therefore dhy =' OV The
evaporation rate is controlled by the heat-transfer equation
as discussed in Section 2,8 .
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dw dWO
1 + =~ 1. +11+A Ww l+ W
(A 20)
(A.21)
--------------- 
- - ----------- _=---------
*
If the gas-phase stagnation pressure were used foi this analysis, the
influence coefficient for the effect dp0 due to dV, only when y = 1 yields
(Table I)
PO 1 + k-l w V
2
Thus it is suggested that the flow be decelerated to zero velocity as
soon as possible. Such a change would give a large stagnation-pressure
rise ap0 in that interval, but the Mach Number level for all succeeding
intervals would be zero thus gaining nothing from evaporation. The pres-
sure rise occurs because the kinetic energy and momentum of the liquid
is transferred to the gas phase. However, there is no reason to do that
immediately because these quantities can always be delivered to the gas
phase later in the process.
Because of the complex interactions in Regime I, it is extremely
difficult to decide what area variation would be the best for overall
Aerothermopressor performance. More important, however, is the fact
that not much area change in the short length associated with Regime I
could be realistically included in a one-dimensional model. Conse-
quently, no area optimization is attempted in Regime I and the cor-
responding results for constant-area Aerothermopressor operation
(which include a loss in P ) are usad.0
Using the results from (ii) and (iii), it is possible to get a
fairly simple expression for dP 0/d W in Regime II. Neglecting the
(negligible) dk/k term yields
2~- 4f w 7(1 + ) Whk 1 - 4 ( 1 + ) (41
0 o - p 0
From Appendix A
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w - 1+ W G
W 1+1 .61W 1+uL) (A.22)
Substitution into Eq. (3.11) for the case of zero initial humidity
yields
0 kM2
dW 2
T
0
o0
h- h
(1+o ) a c pT ~(l~u) 2 p
-61 4f1+1.61J D
From Eqs. (2.8), (B.12) and the approximations that were just
listed as befug valid for Regime II, the following results are obtained
(zero initial humidity, Droplet Model B):
dz
W= = V
dw X
dv- 0& 6 2
Nu(T-TI)
h Wg 1 n
dW
a dt
dO_ 6 Nu (fn -W)(T-T )
dt ~ ( 2 hfg
Therefore,
dz dz/dt
d@ d)/dt 6Nu(. -O)(
Finally, Eq. (3.12) becomes
1 0 M2
P ~dO 2
T
0
l+f.
(1+ )2
rh -h _ _hIh .61 Ie T 1+1.61 2 V(h )3 A(I -4J)(T -T )
'j ),
where
From Eq. (A.16)
0 1 + ( ) 2 M2
and from Eq. (A.25)
dz
dWZ- (3*12)
(3-l3)
(3c14)
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The calculation of dP 0/d) proceeds as follows:
(i) From given values of the specified conditions (T0 , T2i,
f/D), and the wet-bulb temperature (taken as 130*F), g is
determined for a chosen value of a with the use of Eq. (3.15)
(ii) An arbitrary value of the Mach Number is then chosen which
determines 9 /T and consequently T from Eq. (3.14).
(iii) The quantity Wpis estimated by using D = D1.0, -- from the
Nukiyama-Tanasawa prediction, Eq.(C. 49),and noticing from
detailed calculations (see Fig. 2.6 and 2.7) that Nu does not
vary over a large range in Regime II The value of dP /d o
can then be evaluated.
(iv) The calculations are repeated from (ii) with lirrerent
valu"*s Ofi.
(v) A new value of L) is now chosen and steps (i) to (iv) are
repeated.
The results of a typical calculation are shown in Fig. 3,6 in which
the effect of Mach Number level is clearly illustrated.
At low values of the Mach Number, all values of dP0/dth (except
for ) neafing saturation) fall on the same curve, indicating that the
last term of Eq. (3.13) contributes negligible effect and that the
evaporation term is overpowering. However, the beneficial effect of
this rapid cooling on the stagnation pressure is largely lost because
the magnitude of dP /d W itself is small due to the low Mach Number
level. At high values of the Mach Number, the temperature difference between
the gas stream and the droplets is so reduced that evaporation may
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become less important than friction and a stagnation-pressure decrease
may occur. The optimum state (maximum value of dP0/dL .) for each
value of W) is given by the dashed line marked "design curve" in Fig. 3.6.
I dP
Po dw
0.2
0.12 Humidity,
0.14
0 0.16
-0.2 ___ 0.180 0.2 0.4 0.6 0.8 1.0 1.2 1.4
MACH NUMBER, M
Fig. 3.6. Variation of dP0/dwwith M and u.
I dPo
P0 dw
0 0.04 0.08 0.12 0.16 0.20 0.24 0 0.04 0,08 0.12 0.16 0.20
Specific Humidity, w Specific Humidity, w
Fig. 3.7. Optimum Mach Number and stagnation-pressure distributions.
1.4
1.2
1.0
0.8
M
0.6
0.4
0.2
0
-52-
This design curve of Fig. 3.6 is cross-plotted in Fig. 3.7.
Figure 3.7a shows the optimum Mach Number versus humidity relation.
The optimum value of the Mach Number is seen to decrease as the humidity
increases. From this M = M(W ) curve, the area variation A(z) of the
corresponding Aerothermopressor can be calculated as well as all the
other variables as discussed in (iii), page 33.
A quick estimate of the stagnation-pressure gain can be obtained
from Fig. 3.7b by finding the area under the curve. For the stated
conditions pertaining to Fig. 3.7, the stagnation-pressure rise in the
evaporation section is approximately 10%. The net stagnation-pressure
rise for the Aerothermopressor is this figure minus the losses that
occur in the inlet nozzle, Regime I and in the diffuser.
From Eq. (3.13) or Fig. 3.7 it is seen that low values of the
parameter,"p fO/D Nu are desired in order to increase dP /d&) and
thus improve Aerothermopressor performance. In fact this term holds
the key as to whether a net stagnation-pressure rise can be achieved
and what the important factors involved are. The friction factor f
in Y is fixed to within reasonably narrow limits by the nature of the
turbulent flow in the duct and not much can be done to reduce it. The
droplet diameter A is extremely important because it enters the v/-0
term raised to the second power and because it may vary over a wide
range. Its value is fixed by the initial conditions at the water
injector. The diameter D entering the Y-term shows the "size effect"
of the Aerothermopressor. Namely, the larger an Aerothermopressor is,
the better performance it should have, provided operation is near the
design curve. Such a result is somewhat anticipated because the cooling
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effect in the Aerothermopressor depends primarily on the water-air
ratio and the gas temperature and is quite independent of the absolute
size. The frictional effect on the other hand varies directly with
the length-diameter ratio. Thus increasing the diameter of the Aero-
thermopressor is expected to improve performance by decreasing the
frictional effect while leaving the cooling effect unchanged.
The last variable affecting L) is the Nusselt Number Nu. Since yP
varies inversely with Nu, large values of Nu are desirable. Physically,
large values of Nu mean high rates of heat transfer and consequently
less duct length with its accompanying wall friction is required.
Equation (B.6) relates Nu to Rey through
1/3 _L/2(.)Nu = 2 + .6 (Pr) (Rey) B 6)
where
Rey E jV - V =1- y
Although letting y = 1 is a good approximation for the momentum
and kinetic energy of the liquid stream, it is not as valid to do so
in the relative Reynolds Number because it is the difference (1-y) that
is of importance. The Nusselt Number is the only variable in the dP0/d a)
expression for Regime II that depends on the past history of the process.
In order to have the correct value of y to calculate Rey and Nu at
each location, all of the Aerothermopressor governing differential
equations of Chapter II must be introduced--a procedure which it is
desirable to avoid in a simplified analysis. For small values of the
relative Reynolds Numbers, Nu is relatively insensitive to Rey due to
the presence of the constant term and the fact that Rey enters Eq. (B-6)
only as (Rey) /2. For a Reynolds Number range of 0 to 15, Nu varies
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only from 2 to 4. Examination of a number of theoretical results such
as illustrated in Figs. 2.6 and 2.7 show that Rey is less than 15
except near the plane of injection and just downstream of a normal
shock. Conseguently, past history influences dP /dtA in Regime II,
the present region of interest, only by varying Nu between 2 and 4.
Such a variation is not completely negligible however. Its importance
is the same order as doubling the diameter (which corresponds to a
fourfold increose in mass flow).
The aerodynamic drag force acting on a droplet always tends to
reduce the relative velocity to zero. In order to maintain a reasonable
relative velocity (and consequently a non-zero Rey), it is necessary
to keep changing the gas velocity. Several Mach Number-humidity curves
similar to one shown in Fig. 3:.7a have been determined for Nu having
values between 2 and 4. When these prescribed M(A)) curves have been
put into the computer, the low results obtained for the relative Rey-
nolds Number in Regime II have indicated that the rate of change of
gas velocity along the duct is very slow. The results therefore cor-
respond to Nu 2 and a stagnation-pressure increase that is not the
optimum. In order to have a sufficiently rapid rate of change of gas
velocity and yet not allow the Mach Number level to get low too soon,
it is necessary to raise the Mach Number a bit higher than suggested
by Nu 4 and then decrease it fairly rapidly as shown in Fig. 3.8.
Thus the M(W) relation given by the solid line of Fig. 3.8 should be
close to the optimum Mach Number variation. Further fine adjustments
in M(W) can be obtained by carrying out the exact computations using
first the M(Wd) relation of Fig. 3.8 and then systematically adding
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slight perturbations to M(O).
Slope required
to maintain
0o u o Rey 8
M
Nu2
Fig. 3.8. Approximate'M(o)) variation.
The optimum Mach Number variation (M decreasing as ()increases) cor-
responds to an area variation in which the cross-sectional area in
Regime II first decreases and then increases. (The change in sign of
dA/dz occurs near M = 1.) The Mach Number is quite sensitive to changes
in area for values of M between 0.75 and 1.25 due to the 1-M2 term in
the denominator of the appropriate influence coefficient of Table I.
Desired rates of deceleration of the gas below M = 0.7 usually require
larger and larger rates of area change with distance. When the value
of dA/dz approaches that of an arbitrarily specified cone (such as 5*
or 6*), the rapid area change suggested by M(W) is dropped and a conical
section of prescribed angle is used to complete the deceleration in
order to prevent large stagnation-pressure losses due to flow separation.
This conical section of the Aerothermopressor is arbitrarily called the
diffuser even though the cross-sectional area has begun to increase
before that point and the Mach Number has been decreasing all through
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the evaporation section. The Mach Number at the diffuser entrance is
usually between .5 and '7,
Optimum 11-inch diameter Aerothermopressor. Maximum local dP /d (
conditions and the corresponding optimum Mach Number-humidity variation
have been estimated according to the methods of this section for the
inlet conditions of T = 1500*R,- = .25, Tal = 70*F, T_ = 130*F,
Di = 11 inches and f' - 13.6/p (from M = .74), This Mach Number-
.0 / cr
humidity relation was then introduced into the equations of Chapter II
and the corresponding optimum area variation was obtained. Calculations
were then carried out for area variations slightly perturbed from the
first approximation to obtain an area variation close to the theoretical
optimum. The final result was a duct design in which the area first
decreased in an almost parabolic manner from the initial value to 75%
of that at a distance about 4 feet downstream of the plane of injection.
The area then increased in a manner similar to the decrease until a
diffuser cone was suggested.
The starting problem. An area variation determined from optimum
dP 0/d~urelations is, of course, one of optimum operating conditions,
In addition, starting of the flow must also be considered< This prob-
lem is somewhat analagous to the successive-throat situation of super-
sonic wind tunnels. In the Aerothermopressor the "throats" are not
simple geometfic ones, but rather M reaches unity through a combination
of area change, evaporation, skin friction, droplet drag and a number
of lesser effects.
*
See, for example, reference (6), page 143.
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The starting problem does exist in the Aerothermopressor and is
quite a limitation. At ideal running conditions the stagnation pressure
at the second throat would have the highest possible value at that
point. During starting operation, because the Mach Number variation is
not optimum, and because normal shocks are present, the rise in stagna-
tion pressure up to the second throat is not as high as during running
conditions., Consequently the flow is not able to pass the second throat
for all starting Mach Number configurations, i.e., the starting shocks
cannot be swallowed.
To anticipate the problems of starting the flow, the first experi-
mental area variation was accomplished by the use of concentric internal
plugs. A series of four plugs with parabolic-area variations similar
to the results obtained by the theoretical study were used in the first
tests. The maximum amount of area reduction afforded by the four plugs
was 12%, 16%, 20% and 24% occurring at a distance 42 inches downstream
from the plug nose. Experimental results (4) indicated that the two
plugs with area reductions of 20% and 24% would not allow establishing
of the desired running conditionsbecause of the starting problem. The
plug with 16% area reduction gave the best Aerothermopressor performance
and these results were used to design a variable-area Aerothermopressor
for which the area variation was accomplished by changing the duct
diameter. The starting problem was still important for the plug giving
16% area reduction. The desired flow was established only by retracting
the plug into the diffuser somewhat while supersonic flow was established
in the constant-area section. Then the plug was moved to the desired
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position vhile the flow moved past at supersonic velocities. The start-
ing problem for the external area variation is discussed in Chapter IV.
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CHAPTER IV
EXPERIMENTAL AND THEORETICAL RESULTS
4.1 Experimental Facilities
Experimental studies have been carried out -on two Aerothermopressors.
The primary difference between the two is a change in duct diameter so
as to make possible the investigation of the "size effect" (page 52) of
the Aerothermopressor.
Small-Scale Aerothermopressor. The first Aerothermopressor designed
for extensive experimental investigation was built by Wadleigh (2). This
Aerothermopressor had a diameter of 2.125 inches and a constant-area
length of 73 inches followed by a 6-degree conical diffuser. It was
realized that an Aerothermopressor of this size (mass flow of .5 lb/sec.)
would not be able to achieve a net increase in stagnation pressure.
Rather, detailed experimental information was desired. In this Aero-
thermopressor the inlet stagnation temperature could be controlled from
atmospheric temperature to 2000 degrees F. The inlet stagnation pressure
could be varied (although not with ease) from atmospheric pressure
to half of atmospheric pressure. The discharge pressure at the diffuser
exit could be fixed at any level above 5 psia. The mass flow of injected
water could be controlled throughout the range of interest (O<f1.6)
which in turn fixed the velocity of injected water for each water nozzle
design. A schematic diagram of the small-scale Aerothermopressor is
shown in Fig. 4.1.
Modifications to the original equipment of Wadleigh included any or
all of the following: a) shortening of the constant-area section to
36 inches; b) an optional diffuser with a 30 included angle; and c)
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Fig. 4.1. Schematic diagram of small-scale Aerothermopressor.
supersonic entry by the use of a short concentric plug at the inlet plane.
Medium-Scale Aerothermopressor. A larger Aerothermopressor (mass
flow of 20 lb/sec) was designed and tested by Fowle (4). The experi-
mental apparatus is quite similar to that of the small-scale Aerothermo-
pressor and is shown schematically in Fig. 4.2. The basic design con-
sisted of a bellmouth nozzle, a constant-area section 85 inches long and
a 4*50' conical diffuser 222 inches long. The inlet stagnation tempera-
ture could be controlled from 150*F to 1600*F, the inlet stagnation
pressure could be varied from 15 to 35 psia and the diffuser exit pres-
sure could be set at any value equal to or greater than atmospheric
pressure. The range of flow rates of injected water covered more than
the region of interest (04..0..6) and in turn,with a given water injector.,
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Schematic diagram of medium-scale Aerothermopressor.Fig. 4.2.
fixed the velocity of injected water. Various modifications to the
original design included: a) a shorter constant-area section 42 inches
long; b) a variable-area test section obtained by inserting concentric,
variable-area plugs in the constant-area section; c) a variable-area
test section obtained by changing the duct diameter; and d) the use of
boundary-layer suction near the minimum diameter of (c).
4.2 Experimental Measurements
The stagnation-pressure change that occurs across an actual Aero-
thermopressor does not approach the values listed in Table IV for a
reversible Aerothermopressor. Because of the many irreversibilities
a much closer rough estimate is to say that the pressure level is ap-
proximately unity. It is important, however, to know the stagnation-
pressure change accurately for any given case in order to determine if
an Aerothermopressor has any advantage to offer. Since the net stagna-
tion pressure-change is a small difference of large effects, it is neces-
sary to be able to calculate all effects in the Aerothermopressor
process accurately. The mathematical formulation in Chapter II is de-
signed to do just that for any set of initial conditions and area
variation.
It is not sufficient to try to verify the theory by only checking
the overall change in stagnation pressure. Agreement between theory
and experiment for the stagnation-pressure change in a few tests would
not necessarily imply that the theory is adequate for other cases. Also,
if any disagreement between theory and experiment occurred, it would be
difficult to know which phase of the theory was deficient. Therefore,
it is desirable to obtain a number of experimental measurements along
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the duct to compare with the theory.
Static Pressure. The easiest measurement to make at an arbitrary
point in the Aerothermopressor process is that of the static pressure.
Normal precautions for installation of pressure taps plus care to keep
liquid water out of the lines insure an accurate reading. The disad-
vantage of a static pressure measurement is that all effects in the com-
plex flow affect the pressure and it therefore is difficult to know
exactly what has caused some local variation.
Humidity. By means of the access ports shown in the schematic
diagrams of Figs. 4.1 and 4.2, it is possible to insert measuring instru-
ments to determine some of the local properties of the flow. Wadleigh
in his investigation (2) used a special probe to determine the local
stream humidity. Oman (21, 22) further developed a probe to remove a
sample of the gas flow containing negligible liquid and improved tech-
niques for measuring the humidity of the sample. These techniques were
used to determine local values of the humidity in the Aerothermopressor.
An advantage of having humidity data to compare with the theory is that
the rate of evaporation is primarily affected by the temperature dif-
ference which is known quite accurately. Uncertainties in the values
of wall friction and cross-sectional area do not significantly affect
the theoretical computations for humidity. Good humidity measurements
offer an excellent way of checking the theory.
Stagnation Pressure. Dussourd (23) developed a probe capable of
measuring the local stagnation pressure p0 of the gas phase alone. An
adaption of that probe by Carpenter and Martin (24) for use in the access
ports of the Aerothermopressor was used to determine the gas-phase
stagnation pressure at any location. A good measurement of the stagna-
tion pressure has the advantage of being independent of the local area.
Thus if the experimental and theoretical area variations should inad-
vertently happen to be slightly different, stagnation-pressure measure-
ments and theory should agree more closely than those of static pressure.
Because of the actual two-dimensional nature of the flow, the Mach
Number and gas-phase stagnation pressure p0 will vary in the radial
direction at any specified axial position z. For purposes of comparison
with the one-dimensional theoretical model, average values of p0 were
computed using a mass-flow-weighted average. Assuming that the stagna-
tion temperature and the static pressure do not vary with radius, the
average value p0 is given by
or 1 + M 2 Mr dA
pc = r (4-1)
1F + kIMr2 M dA
The value of M was obtained from
1k/k-1
l + M (4.2)krp l 2 rJ-
Mach Number. In order to compare experimental results for the Mach
Number with the theoretical results, an average value of Mach Number for
the radial profile must be defined. The average experimental Mach Number
M is defined as the constant value of M that would yield the same mass
flow as the Mach Number distribution. Thus for constant radial stagna-
tion temperature and static pressure, M is given by
M L+ M ] A= + M d2] MdA (4.3)
where
k/k-1 Por
4.3 Preliminary Experimental Results
Wall Friction Factor. The theoretical formulation of Chapter II
has in it a few factors that must be estimated. One of these is the wall
friction factor f. Measurement of the inlet Mach Number and the static
pressure distribution for the case of no water injection provides a means
of determining an average value of f for that case. Similar studies
with water injection into cold flowing air (and therefore with negligible
evaporation) indicate that the friction factor increased only slightly
from the case of no water injection. The effect of some of the water
droplets hitting the wall and then being re-entrained into the main
flow thus appears to be small. An average constant value of f = .004
seems to be suitable for hot dry runs, cold dry runs and cold wet runs
for both the 11-inch and 2.125-inch Aerothermopressors. It might be
expected that f would be less for the 11-inch diameter experiment, but
the honed inside diameter of the 2.125-inch Aerothermopressor partly
offset the Reynolds Number effect. It was then assumed that an average
constant value of f = .004 is satisfactory for hot wet experiments and
that value was used for most of the theoretical calculations of the
Aerothermopressor process at high temperatures with water injection.
For the one-dimensional analysis used in Chapter II, the friction
factor f appears only in the momentum equation. In such an analysis,
f not only accounts for the wall shear stress but also for some momentum
terms associated with change in shape of the velocity profile. Using
the same value of f = .004 assumes these momentum effects are negligible
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or the same in all cases.
Diffuser Losses. In the diffuser where the flow is rapidly de-
celerating, the losses in stagnation pressure are much higher than in
a straight constant-area duct because of the adverse pressure gradient.
To account for this in the theoretical analysis, a corresponding higher
value of f could be used in the diffuser. The appropriate constant
value of f to be used in a one--dimensional analysis of the diffuser
on the 11-inch Aerothermopressor as a function of diffuser efficiency
and inlet Mach Number was calculated by Fowle and is shown in Fig. 4.3.
From stagnation-pressure traverses taken at the diffuser inlet during
operation with no water injection, the actual diffuser efficiency can
be easily determined and consequently the appropriate value of f can be
found. It was then assumed that diffuser efficiency is a function
only of the entering Mach Number, and the experimental results for
from dry experiments were used for the hot wet calculations.
Entrance Nozzle Losses. A loss of stagnation pressure occurs as
the air flows past the water injector in the entrance nozzle. The
theoretical calculations do not account for this in any way since they
begin at the plane of water injection. Consequently, the theoretically
calculated change in stagnation pressure should be decreased by the water
injector loss if the overall net change in stagnation pressure is desired.
The loss in the entrance nozzle with the water injector in place
has been determined experimentally by Fowle using stagnation-pressure
traverses. The result is shown in Fig. 4.4.
MACH NO. AT DIFFUSER ENTRANCE, M2 MACH NO. AT DIFFUSER ENTRANCE, M2
Fig. 4.3. Effective wall-friction factor for diffuser losses.
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Fig. 4.4. Stagnation-pressure loss in entrance nozzle.
4.4 Comparison of Theoretical and Experimental Results
Typical comparisons of experimental and theoretical pressure, gas-
phase stagnation pressure and Mach Number distributions are shown in
Figs. 4-5, 4.6 and 4.7 for constant-area Aerothermopressors. Figure 4.5
shows results from the 2.125-inch Aerothermopressor while Figs. 4.6 and
4.7 are for the 11-inch rig. Reasonably good agreement is achieved in
most regions. The larger deviations of theory from experiment occur
during periods of high droplet acceleration or where two-dimensional
effects are extremely strong such as downstream of a "normal" shock, or
in the first portion of the diffuser.
Just what should be done to try to make the theory agree even more
closely with the data is not clear. Slight errors in the initial drop
size , the friction factor f or the local area are immediately felt0
by the pressure and Mach Number. The stagnation pressure p0 is sensitive
to & and f but relatively independent of local deviations in A.
Gavril (3) examined the effects of changing £Y and f in theoretical0
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Fig. 4-5- Comparison of theoretical and experimental results.
computations, but recommended no general changes to improve the overall
level of theoretical-experimental agreement.
Some measurements of the local humidity were made in the small-scale
Aerothermopressor. Figure 4.8 shows the humidity variation across the
cross-sectional area at four locations. Figure 4.9 illustrates how the
average humidity at each section varies with length. Included in Fig. 4.9
are similar results of Wadleigh and results of theoretical calculations.
The present experimental results closely match those of Wadleigh obtained
with a different humidity probe. All experimental humidity results are
higher than the theoretical predictions. The principle of operation of
the humidity probe is the requiring of the gas flow to turn a very sharp
corner so that the heavy liquid droplets are unable to follow the gas
streamlines. The original calibration of the humidity probe was with
40 S0 120 160 200 240 24p
Z, DISTANCE DOWNSTREAM FROM PLANE OP INJECTION, IN.
Fig. 4.6. Comparison of theoretical and experimental results.
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Fig. 4.7. Comparison of theoretical and experimental results.
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larger diameter droplets and lower velocities than that encountered in
the Aerothermopressor. The higher velocities in the Aerothermopressor
should make the separation of droplets even better than obtained in the
calibration. The smaller droplet sizes in the Aerothermopressor may,
however, permit a small amount of liquid to enter the probe, thus
raising the measured value of the humidity above that of the actual flow.
No effect of the velocity profile was accounted for when calculating
the average humidity. At locations further downstream, the result of
taking into account a develQped velocity profile would be to minimize
the effect of the higher humidity near the -all.
4.5. Effect of Changes in Theoretical Model on Results
Although the theoretical model used in Chapter II to formulate the
mathematical problem yields reasonably good results, it is desirable to
consider some minor changes in it that are motivated by fundamental
physical considerations.
Choice of Droplet Model. In Appendix C, the evaporation of a spec-
trum of droplets is considered. Two simple models that approximate the
behavior of the evaporating spectrum are investigated. Droplet Model A
with a constant number of drops and a continuously decreasing droplet
diameter is shown to be overoptimistic about rates of evaporation while
Droplet Model B with a constant droplet diameter and a decreasing number
of droplets more closely approximates the spectrum results. Typical
comparisons of the two droplet models for the Aerothermopressor process
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Humidity profiles in small-scale Aerothermopressor.
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Fig. 4.9. Humidity versus longitudinal distance in small-scale Aerothermopressor.
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is shown in Figs. 4.10 and 4.11. If the amount of injected water is not
much more than that required for saturation (Fig. 4.10) a greater dif-
ference between the two models is noticed than in a case where large
excess amounts of water are present (Fig. 4.11). The reason for the
smaller difference in the second case is that the diameters of the drop-
lets of model A are scarcely reduced in evaporating less than one-half
the mass of water. Consequently, the two models are almost the same.
Initial Mean Diameter. An additional result is obtained from the
spectrum study of Appendix C for the appropriate initial mean diameter
oca. For a spectrum of droplets evaporating according to h /A = con-
stant, the appropriate mean is / The mean diameter given by the
Nukiyama-Tanasawa correlation is the volume-surface mean &3/2. Conse-
quently, all initial diameters should probably be modified by the ratio
3/% a which equals 0.895 -for the Nukiyama-Tanasawa spectrum.
Drag Coefficient of Accelerating Drops. One region showing unex-
plained differences between theoretical and experimental results is
Regime I, the region of large droplet accelerations.
In an effort to match the experimental pressure data at the inlet,
calculations were made with reduced initial droplet diameters. Only a
secondary effect on the initial pressure distribution was obtained (see
Fig. 4.12 near z = 0) even though the diameter reduction made was up to
20%. The reason for this behavior lies in the fact that although the
droplet diameter is an important term in both the heat transfer and drop-
let acceleration equations, these effects almost cancel each other as far
as the initial pressure distribution is concerned.
Agreement between theory and experiment in Regime I cannot be'
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Fig. 4.12. Pressure distribution near plane of -water injection.
significantly improved by reasonable changes in the wall-friction factor
f because the length of duct involved is so short. Thus factors other
than errors in droplet diameter and wall friction are necessary to ex-
plain the measured behavior in Regime I.
In the formulation of the droplet-motion equation in Appendix B,
the differences between a drag coefficient for a sphere and for an
evaporating, accelerating droplet are discussed. During periods of high
droplet acceleration and high rates of mass transfer, the drag coefficient
is considerably reduced. It is not known how to calculate the amount of
reduction that occurs in Cd, but it could easily be 50% judging from other
experimental results cited in Appendix B.
Effects on the theoretical results by the modifications just dis-
cussed are illustrated in Figs. 4.13, 4.14, and 4.15. The previous
discrepancy between experimental and theoretical pressure distributions
in the inlet region can be easily accounted for in the theoretical results
as is shown in Fig. 4.13 in which the drag coefficient of Cd of a rigid
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Fig. 4i.13. Effect of reduced drag coefficient.
sphere is replaced by 3C d/4* in the first three feet of duct length
(the region of highest droplet acceleration and mass transfer). At
larger distances down the duct not much difference appears in the
theoretical results (which differ only because of the value of the
initial drag coefficient). Such a conclusion should probably be antici-
pated because the drag coefficient is not of much importance once the
liquid - elocity has nearly reached the gas velocity. Variations in the
drag coefficient primarily affect the length of droplet acceleration
region and values of variables in that length.
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In Fig. 4.l4, comparison is made of humidity results obtained from
the original theoretical formulation, slightly modified theory and the
results of Fowle (experiment plus discontinuity analysis).
In Fig. 4.15, comparisons are made for pressure, stagnation pres-
sure and Mach Number. The initial conditions are the same as Fig. 4.14.
The reduced drag coefficient in the initial portion brings the measured
and calculated stagnation pressures into better agreement, especially
near the duct entrance.
Reduction of the initial drag coefficient also changes the value
of M.. An initial drag coefficient of 1/2 C of a sphere raises M
from .74 to .78 -. 80 which agrees more closely with experimental
results.
Measurement of Stagnation Pressure. In Section 4.2, the measure-
ment of stagnation pressure was discussed. The impact-pressure probe
developed by Dussourd (23) was used to measure the pressure. Comparison
of experimental measurements with theoretical results for the Aerothermo-
pressor process (Figs. 4.15 and 4.16) shows that the measured results for
stagnation pressure fall between the calculated values of p0 and P*. The
effect shows up even more when the local Mach Number is supersonic
(Fig. 4.16). The possibilities for explaining the difference include:
a) theoretical calculations not realistic enough; b) errors in the experi-
mental measurements; or c). inapplicability of the probe theory to the
conditions encountered. It is felt that 'c)) contains at least part of
the explanation because droplet diameters are considerably smaller in
the Aerothermopressor measurements than in the experiments used to cali-
brate the probe. In addition, the effect of a normal shock upstream of
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the probe, such as occurs whenever M>l, had not been investigated.
Whatever value of stagnation pressure the probe may happen to measure,
however, agrees quite well with theoretical results because p0 and P
in many cases are not too different.
4.6 Comparison of Performance with Internal and External Area Variation
The area variations used for the experimental studies were obtained
as discussed in Section 3.4 for the 11-inch rig. Because of the antici-
pated problem of starting the flow, the first experiments were made with
the area variation accomplished by the use of internal plugs in the con-
stant-area Aerothermopressor. As was the case for constant-area Aero-
thermopressors, the theoretical calculations agree quite well with the
experimental observations. The best overall performance for a number
of inlet conditions is summarized in Table VI of Reference (4). "Best"
operation corresponds to optimum shock position as explained in the
following paragraph.
For good operation of the Aerothermopressor, it is necessary to have
supersonic velocities as suggested by the optimum studies and Fig. 3.6
(page5l)- Consequently, the inlet Mach Number is Mcr and the final
boundary condition, the shock position, can and must be specified as dis-
cussed in Section 2.7. The optimum shock position is easily found
experimentally. Assuming that the desired supersonic flow is not pre-
vented by the "starting condition", supersonic flow is established by a
low back pressure at the diffuser exit (point c Fig. 4.17). The bacr
pressure is then slowly raised by closing a downstream valve thus
forcing the shock upstream. A point will be reached (point b) cor-
responding to maximum back pressure. Operation at point a of Fig4 4.17
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Fig. 4.17. Location of normal shock
corresponds to having the shock too far upstream and thus reducing the
Mach Number level too soon. Furthermore, it is impossible to operate
at point a of Fig. 4.17 because the flow configuration would be unstable.
The slightest disturbance moving the shock upstream would tend to lower
the outlet pressure. But with the back pressure maintained constant
the entire flow would decelerate pushing the shock even further up-
stream thus creating an unstable situation. Experimentally what happens
if it is attempted to raise the back pressure above that corresponding
to point b is that the entire flow suddenly becomes subsonic and the
flow rate is reduced. Thus "best" operation corresponds to having the
shock as far forward as possible without letting the flow become unstable.
Variable-area performance by means of internal plugs is certainly not
the best wdy to optimize Aerothermopressor operation. Some losses in
stagnation pressure could be avoided if the area variation were accom-
plished by controlling the outer diameter of the duct. The main detri-
mental effects on the stagnation pressure that could probably be reduced
include wall friction, diffuser loss, and the re-acceleration of water
droplets that impinged on the plug. Typical differences between opera-
tion with internal area variation and external area variation for an 11-
inch Aerothermopressor have been estimated by Fowle as follows:
ESTIMATE OF STAGNATION PRESSURE LOSSES
Estimated Percent Stagnation Pressure Loss
Nature of Loss Experiment with Plug Similar Operation
(Internal area (External area
variation) variation)
Air nozzle loss
and losses due
drag of water
injector 2.5 2.5
Wall friction loss 12.8 8.0
Diffuser loss 3.6 2.0
Loss associated
with re-accelera-
tion of water
impinging on plug 3.1 0.0
Total loss 22.0 12.5
Net difference: 9.5
The theoretical and experimental pressure distributions for operation
at typical conditions with an area reduction of 16% by means of an internal
plug are shown in Fig. 4.]13.Figure 4.19 then shows what is predictcd
theoretically for the same area variation accomplished by changrs in the
duct dicuneter.'
An Aerothermopressor with an external area variation the same as that
given by the plug with a 16% reduction was tested. The minimum area
occurred 47 inches downstream of the plane of water injection. However,
the experimental results for the overall stagnation-pressure change did
120 160 200
Z, DISTANCE DOWNSTREAM FROM PLANE OF INJECTION, IN.
Fig. 4.18. Pressure distribution for 16% area-reduction with an internal plug.
120 160 200
Z, DISTANCE DOWNSTREAM FROM PLANE OF INJECTION, IN.
Fig. 4.19. Results for area variation of Fig. 4.18 accomplished by changes in
duct diameter.
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not agree with the values predicted by extrapolation of data from opera-
tion with the internal plug or with the theoretical calculations as shown
in Fig. 4.20. Because the test section had been constructed as aero-
dynamically "clean" as possible, no access ports were built in along
the test section. Consequently, only static pressure measurements were
available in the evaporation region. The agreement between experimental
and theoretical results for static pressure distribution is about as
good as in previous experiments6 By means of an access port at the
diffuser inlet, it was also possible to measure the stagnation pressure
at that location which agreed with the theoretical prediction. There-
fore, the reason that a high final pressure level was not reached was
inability of the diffuser to efficiently use the kinetic energy of the
stream to raise the static pressure to the stagnation pressure.
The explanation of the poorer diffuser action in the tests involving
the Aerothermopressor with external-area variation lies in three phen-
omena. First, because of occasional poor combustion in the burner up-
stream of the Aerothermopressor, some carbon deposits were found on the
diffuser walls. Attempts to smooth the diffuser walls were not com-
pletely successful, as was verified when cold dry operation of the dif-
fuser did not duplicate the diffuser efficiency results at time of
installation. Second, the matching of the diffuser cross-section to
that of the test section was not quite as good for the variable external
area as for the constant-area duct. The third effect, and probably the
most important, involves the two-dimensional nature of the flow. The
magnitude of the basic Aerothermopressor effect (the increase of stag-
nation pre'ssure due to cooling) depends on the local value of the Mach
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Fig. 4.20. Experimental and theoretical results for Aerothermopressor with
external area variation.
Number. Therefore, the low-velocity fluid near the duct wall experiences
much less of the increase in stagnation pressure due to cooling than the
core flow. Because the streamlines in the duct are essentially parallel,
no radial static pressure gradient may exist. Consequently, the greater
increase of stagnation pressure in the core causes higher velocities in
that region. The higher resulting Mach Number levels are able to in-
crease the stagnation-pressure change in the core even more. Thus a
radial velocity profile is rapidly developed that is considerably more
exaggerated than the profile that would be obtained with cold dry
operation. The slightest deviation from a uniform velocity profile will
be increased by the cooling effect in the Aerothermopressor. Some de-
viation from a uniform velocity profile is caused by wall friction. This
effect would not be expected to reach to the center of the duct from nor-
mal boundary-layer calculations because the duct length required for the
Aerothermopressor evaporation section is quite short. However, the flow
in the Aerothermopressor is so complex with so many tiny evaporating drop-
lets that the high turbulence level may propagate the wall shear effects
further out into the stream. Further distortion of the velocity profile
would then occur as a result of the Aerothermopressor cooling action.
Any upstream irregularities in the velocity profile would be subject to
the same behavior.
The measured Mach Number profile at the diffuser inlet for the same
conditions of Fig. 4.20 is shown in Fig. 4.21. The profile seems to be
divided into a low-velocity region near the wall, a core flow which has
not been much affected by wall friction, and an intermediate zone which
has been somewhat slowed down by the wall friction and in turn has not
been able to benefit fully from the Aer'othermopressor cooling ction.
The stagnation-pressure profile 6-
would be more exaggerated than that
of the Mach Number because of the func-
-2 -
tional relationship between them. For Mach Number
0
.a 0.2 0.4 0.6
the example of Fig. 4.20, a local Mach X
2 -
Number at the diffuser inlet of M = .53,
4 -
corresponds to an increase in stagna-
6 -
tion-pressure of 8.7%; at M = .64, the
gain is 17%. Fig. 4.21. .Mach Number profile.
Because the duct is circular, the flow area increases as the square
of the radius. Approximately 35% of the total flow cross-sectional area
is in the last inch of radius and therefore the velocity profile in this
region is quite important. Similarly, the high-energy core flow does not
contribute as much as might be expected from a first glance at Fig. 4.21
because the cross-sectional area near the duct center-line is small.
The reason for poor diffusion of a distorted velocity profile lies
in the fact that both low-velocity and high-velocity fluid at a given
axial location must overcome the same pressure gradient (since radial
pressure gradients are negligible). The pressure gradient reduces the
velocity of the low-energy fluid more than that of the core flow. Con-
sequently back-flow near the wall occurs long before the central core
is significantly slowed down. The velocity profile halfway along the
diffuser would show a high-velocity jet in the center with very low
velocities everywhere else. The subsequent mixing leads to large
losses as the high-velocity jet is dissipated in the almost-stagnant
surrounding fluid.
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The one-dimensional formulation of Chapter II is quite adequate
for describing the average values of the real flow in the evaporation
section. Figure 4.20 shows that the diffuser-inlet stagnation pressure
is predicted correctly.
In the diffuser the one-dimensional analysis could be forced to be
more correct by the choice of a suitable friction factor f. However, the
value of f would depend very strongly on the inlet velocity profile and
could not be predicted a priori. Basically, the one-dimensional
analysis is inadequate for handling the decelerating flow in the diffuser.
The experiments show that a 5* conical diffuser is incapable of
bringing the final static pressure up to the level of the stagnation
pressure at the diffuser inlet because of the exaggerated velocity pro-
file. Consequently, very little benefit from the improved Aerothermo-
pressor action in the evaporation section is retained at the diffuser
exit. This somewhat surprising result means that the diffuser efficiency
is greater when plugs are in the preceding constant-area section than when
the diffuser is fed by the aerodynamically-clean variable-area section.
Other experimental results for the variation of the local maximum
stagnation pressure along the duct are shown in Figs. 4.6, 4-7 and 4.18.
4.7 Effects of Minor Changes in Design
Boundary-Layer Suction, In order to remove some of the low velocity
*
Only small variations in the "average" stagnation pressure of the stream
(defined as the mass-flow-weighted stagnation pressure) are obtained if
other definitions are used, such as, a) the stagnation pressure of a
uniform-velocity stream obtained from the actual stream by mixing at
constant area, or b) the stagnation pressure associated withhaauniform-
velocity flow having the same total entropy as the given flow.
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fluid near the wall as well as aid in overcoming the starting-flow prob-
lem, a boundary-layer suction slot was added to the variable-area test
section. The suction slot was 1/4 inch wide and located 8 inches upstreZm
of the minimum area. The maximum mass rate of flow through the slot
was approximately 3/4 pounds per second which corresponded to about 4%
of the main flow. A more complete description of the boundary-layer
suction modification is given by Fenske (25)-
The boundary-layer suction practically eliminated the supersonic
starting problem. Previously, flows with internal area variation were
established by withdrawing the plug into the diffuser until the desired
supersonic flow existed and then moving the plug to the desired position.
In the case of external area variation, runs at 1200*F were easy to start,
runs at 1000*F could be started by introducing unsteadiness in the flow
(by such means as suddenly varying the water injection rate or inlet air
pressure level), and runs at 800*F could only be initiated by first
raising the inlet temperature to 10000 until supersonic flow occurred
and then lowering the inlet temperature to 800*F. The lowest inlet tem-
perature for which the desired supersonic flow could b maintained after
having been started was approximately 7500F.
Boundary-layer suction permitted easy start-up for all supersonic
flows with inlet temperatures as low as 750*F. Once the flow was estab-
lished the boundary-layer suction could be shut off. This feature was
extremely desirable when trying to operate at the best performance
point (where the shock is extremely close to the unstable position).
Any time the flow happened to be slightly disturbed and therefore became
subsonic, opening and closing of the boundary-layer suction would
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re-establish the running conditions.
The effect of boundary-layer suction on the performance of the Aero-
thermopressor is perhaps not of practical importance, because an actual
installed device would not have this feature. The effect of the suction
on the pressure distribution is shown in Fig. 4.22. Once again the
only experimental data are the stagnation pressures at the diffuser in-
let and exit and the static pressure measurements along the evaporation
section. From Fig. 4.22 it is seen that the experimental results with
suction agree somewhat better with the theoretical predictions than pre-
viously. This is especially true just downstream of the shock where
the main flow seems to undergo a discontinuity much more closely resem-
bling a normal shock than in other cases. The stagnation pressures at
the diffuser inlet and exit are higher than in the case with no boundary-
layer suction. However., the large loss in the diffuser still exists,
showing that the low-energy fluid is not just in the 4% of the flow near
the walls that is removed, and that the remaining flow still has a very
pronounced velocity profile ,
Water Injection System. The water injector used for almost all
experimental runs is pictured in Fig. 4.23. The design consisted of
208 small parallel tubes about 7 inches long arranged in 7 concentric
rings such that the liquid was distributed equally over the cross-section.
The design was not expected to be the best from the point of view of
minimizing the stagnation-pressure loss of the flowing air in the inlet
nozzle. Rather, the design criterion was the experimental matching of
the theoretical assumption of uniform water distribution. In order to try
and improve overall performance, a simpler water injector consisting of
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Fig. 4.22. Effect of boundary-layer suction on the Aerothermopressor.
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Fig. 4.24. Water nozzle for low inlet stagnation-pressure loss.
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Fig. 4.23. Water nozzle used to get good distribution.
-91-
13 tubes 1/4 inch in diameter (Fig. 4.24) was tested. The simpler in-
jector gave a greater stagnation-pressure rise than the original
injector with 208 tubes. The gain is approximately what would be ex-
pected by the elimination of hardware in the entrance region. Best per-
formance results are summarized in Table V.
Short Evaporation Section. A few experimental runs were made using
the 42-inch constant-area section followed by the diffuser. No improve-
ment in the overall stagnation-pressure change was obtained. The shorter
duct length with its reduced wall friction and a more uniform velocity
profile at the diffuser inlet was counterbalanced by decelerating the
flow before all beneficial evaporative cooling had occurred.
4.8. Summary of Best-Performance Results
Table V shows the best-performance results that have been obtained
on the 11-inch diameter Aerothermopressor for a number of inlet tempera-
tures and geometrical configurations. The results are given in terms
of net overall stagnation-pressure change. Best performance implies
that the shock (if one is present) is as far forward as stability permits
and the ratio of water flow to air flow is at its optimum value. (The stag-
nation pressure rise is not sensitive to.n near the optimum value of i).
c~
TABLE V
BEST MEDIUM-SCALE AEROTHERMOPRESSOR FERFORMANCE
Thirteen-tube water injection nozzle.
Geometrical M, T AP /P
Specification 01 0 0
*RtNo Boundary 4% Dotindary
Layer Suction Layer Suction
Constant Area .46 1236 .24 -1.3
1422 .28 - .7
1670 .36 - .2
Constant Area Mcr 1289 .19 - .4
It it ft 1422 
.22 + .7
166o .26 +1.0
Vqriable Area (16% Mer 1515 .27 +2.2
reduction by plug)
Variable Area (16% Mcr 1290 .26 + .5 +3.1
reduction externally)
"I " "1465 .30 +2-1 44.7
1665 .36 +2.8 +5-5
" " * " 1465 .24 +4.8 +6.4
" " *" 1670 .25 +6.7 +7.7
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CHAPTER V
AN EVALUATION OF THE AEROTHERMOPRESSOR PROCESS
5.1 Predicted Performance of a Large-Scale Aerothermopressor
2
In Chapter III the importance of the parameter )=  f 0/D Nu was
0
discussed in determining the optimum performance of an Aerothermopressor.
In order to demonstrate the importance of changes in 4) and also changes
in Mach Number level, it is convenient to break down the theoretical
change in stagnation pressure into the contributions due to the most
important effects, i.e., evaporation, wall friction, droplet drag and
molecular-weight changes. Table VI shows such results for two cases.
Case I is for a constant-area process with an initial Mach Number
M, = .49 while Case II is for a variable-area process close to that sug-
gested by the analysis of Section 3.4 (Mi = Mer = -75). The Mach Number
variations along the duct are shown in Fig. 5.1. The results in both cases
are for changes in stagnation pressure P0 from the plane of water injection
to the diffuser inlet which is located seven feet down the duct.
From Case I of Table VI it is seen that operation at low Mach Numbers
does not hold much promise for a significant gain in stagnation pressure.
A similar conclusion can be drawn from the optimum Mach Number studies
of Chapter III as shown in Fig. 3.6. Making the duct considerably larger
(putting (p = f 4/D Nu = 0) does not offer much improvement at the same
Mach Number level; only the wall-friction contribution of -1.4% is
eliminated. Thus a constant-area Aerothermopressor with an infinite
diameter and an inlet Mach Number of M, = .487 would have a pressure
rise of about 3.5%.
Case II shows the improvement that may be obtained by raising the
Mach Number level to Mer and attaining supersonic velocities in the duct.
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TABLE VI
PER CENT CHANGES IN STAGNATION PRESSURE CAUSED BY EVAPORATION,
WALL FRICTION, DROPLET DRAG AND MOLECULAR WEIGHT CHANGES
Wall Molecular Droplet Net Po
Case M1  Evaporation Friction Weight Drag Increase
I .487 +7.6 -1.4 -1.1 -3.1 +2.1
II .75 +52.0 -10.3 -10.0 -17.9 +13.8
(Mer) I IIII
THEORETICAL SPECIFICATION
Tape No. To0  po1  D1
Case 120-71- M1  *R psia .[1 W f (inches)
I 200 .487 1422 19.8 .256 0 .oo4 11
II 271 -75 1500 14.7 .25 0 -004 11
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1.0
0.8
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0.2
0 2 4 6 8 10
Distance from Plan of Injection Feet
Fig. 5.1. Mach Number Distributions.
Case q/Q T *R Vg,/Vl Droplet Model
I 1.0 540 -04 B
II .895 540 .02 B
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Although the contribution of the evaporation term has increased
considerably, so have the losses. Hence the net gain is the difference
between two larger numbers (5210 - 38.2 = 13.8%) and is quite sensitive
to changes in those numbers. Increasing the diameter for Case II would
reduce the contribution of theiwall-friction term. However, even
making the:diameter approach infinity for the Mach Number variation of
Case II would only raise the net stagnation-pressure change to*24.1%.
In order tQ obtain maximum benefit from an increase in diameter, a
new higher Mach Number variation should be used. The effect of the
evaporatiOn would thereby be increased, although the magnitude of the
wall-friction term would not be reduced as much as might be expected
because the duct would now have to be somewhat longer (due to the reduced
temperature difference between the stream and droplets). Thus it is
seen that the optimum Mach Number distribution is different for every
duct size and the limiting case of optimum performance for a duct in'
finitely wige would involve an infinite length, and a Mach Number level
such that the gas temperature would be equal to the liquid temperature.
Such a condition would come close to reversible operation except for the
droplet drag losses.
The effect of the change in duct diameter on the Aerothermopressor
process is felt because of the way D appears in 4) = f d/D Nu. Equiv-
i 0
alent ways of improving performance are to decrease f and JO- or in-
0
crease'Nu as discussed in Section 3.4. The remaining practical pos-
sibility seems to be to decrease the initial droplet diameter sC-.
0
The empirical correlation for droplet diameter from air atomization
Eq. (C.49) suggests that the inlet relative velocity should be as
high as possible. For subsonic entry the entering air velocity is
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limited by the critical Mach Number Mcr. However, the possibility exists
of having supersonic velocities corresponding to M, greater than the
supersonic critical Mach Number. Bitron (31) has investigated the effect
of Mach Number level up to M = 2 on air atomization of droplets and
concludes that there is-no effect of Mach Number. Because of the lower
temperatures used in that investigation, the magnitude of the velocities
comipares vith the; situation , in. a subsonic-entry Aerothermopre ssor A
supersonte velodity at the :plane of water injection in an Adrothermo-
pressor would be considerably above the range for which any experi-
mental air-atomization results are known.
if Eq. (C.49) describing the mean droplet diameter is valid for
relative velocities of the order of 2500 - 3000 feet/second, consider-
able improvement results in the Aerothermopressor process. The drop-
let-drag loss is increased, but the reduced diameter permits evapora-
tion at higher Mach Numbers in a duct of about the same length. A
specific example for optirmum Mach Number variation indicates that the
stagnation-pressure change up to the diffuser inlet is a gain of 26%
for Mi = 1.75, T01 = 1500*F and a 13-inch duct.
5.2 Problems of Attaining Optimum Aerothermopressor Operation
The three main problems associated with an actual optimum Aero-
thermopressor are (a) the initial establishing of the flow, (b) the
losses and instabilities associated with the strength and position of
the normal shocic, and (c) efficient diffusion of the, stream to-low
velocities.
The starting problem becomes more serious as the potential per-
formance of the Aerothermopressor improves. High values of the stagna-
tion pressure require lower values of the area as the Mach Number is
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reduced through M = 1. But until the flow has been established, the
high local values of stagnation pressure do not occur. Consequently,
the flow chokes near the minimum area 4 feet downstream and never
attains the desired supersonic velocities near the entrance. Typical
figures illustrating this result include the case of the 11-inch op-
timuin Aerothermopressor for which an area reduction of 25% was sug-
gested with an accompanying stagnation-pressure rise of 19% up to the
diffuser inlet. Another similar design involving an area reduction of
20% (Case II, page 94) gave a rise of 13.8% at the diffuser inlet.
The actual starting conditions limited the area reduction to 16% with
a corresponding stagnation-pressure rise of 11% at the diffuser inlet.
Similarly for the case of the supersonic inlet Mach Number discussed
on page 96 , the optimum area variation yields the result that the
minimum duct area is 60% of A,, the area at the plane of water injection.
At the same time the upstream throat area necessary to give M, = 1.75
is 72% of A1 . Thus the flow would choke downstream rather than becom-
ing supersonic at the inlet0  It is seen, therefore, as potential Aero-
thermopressor performance improves because of the higher Mach Number
levels permitted by large diameters and small droplets, that the start-
ing problem becomes more difficult.
To completely eliminate the starting problem would probably require
some kind of variable geometry of the duct cross-section plus a few
changes in inlet properties. The flow could most likely be initiated
by a geometrical modification such as, for example, temporarily placing
a plug at the inlet section combined with temporarily increased inlet
temperatures
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The problem of having a shock in the duct cannot be avoided for
the case involving supersonic flow. If only running conditions are
considered, first thcughts suggest reducing the Mach Number through
unity as desired by area variations. The infinitesimal shock occur-
ring at M = 1 is then reversible. However, even if the area variation
could be chosen to bring M exactly to unity, the flow would be unstable
to any disturbances that always are present. In reality the area must
be larger than that corresponding to M = 1 and subsonic velocities
are reached only because of the presence o)f a normal shock. The stag-
nation-pressure losses in the normal shock are in addition to all the
others present in the duct.
If the starting problem is partially solved by not reducing the
minimum area as much as operating conditions suggest, then the normal
shock necessary to make the flow subsonic at the desired point is
stronger and involves larger losses. The position of the normal shock
for best operation is found experimentally as discussed in Chapter IV
and shown in Fig, 4417; Location of the shock just downstream of
point b in Fig. 4.17 is necessary to insure against small disturbances
making the flow unstable.
The third main problem of efficient diffuser action is very im-
portant. The expected stagnation-pressure results for the 11-inch
Aerothermopressor were not obtained because the diffuser was too inef-
ficient in using the kinetic energy at the diffuser inlet for increasing
the static pressure. If the velocity profile entering the diffuser is
quite non-uniform, the action of increasing the area cannot be expected
to be very efficient in raising the pressure level. Most improvement
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is probably to be gained by trying to make the entering profile more
uniform. A larger-diameter Aerothermopressor should have better per-
formance than the results shown by the experimental tests on the 11-
inch diameter rig (with the same Mach Number variation) for two reasons:
(a) less wall friction in the evaporation region; (b) better diffuser
performance because of an. improved profile at the diffuser inlet. If
the Mach Number of this larger Aerothermopressor is raised so as to
increase the benefit from the evaporation, an increased length of
evaporation section will be necessary. This in turn may lead to poorer
velocity profiles at the diffuser inlet and cause low diffuser effi-
ciencies.
The diffuser efficiency may possibly be improved by changing the
cone angle. The optimization method of Chapter III indicates that there
is negligible benefit to be obtained from evaporation in the diffuser
and therefore deceleration should be as rapid as possible. Such an
analysis of course has completely neglected the separation and mixing
effects that occur in a diffuser. The best conical diffusers for many
applications usually have a total included angle of 5* to 7*. Tests on
the 2.125-inch Aerothermopressor indicate that a 3* diffuser is more
efficient than one with a 5* included angle. More experimental results
on diffuser action with poor inlet profiles are needed to arrive at
positive conclusions.
5-3 Application of the Aerothermopressor
The application of the Aerothermopressor depends on having a
reasonably large flow rate of hot gas. One of the first proposals was
to place an Aerothermopressor at the exhaust of a gas turbine plant.
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Since the pressure level across the Aerothermopressor increases, it is
possible for the turbine to discharge to a pressure lower than atmo-
spheric. Such an arrangement would increase both the cycle efficiency
and the net power output. As an example, for a compressor pressure
ratio of 4 and an Aerothermopressor pressure ratio P /P = 1.2,
the specific fuel consumption is decreased approximately 20% and the
power output is increased about 20% (turbine inlet temperature = 1500*F,
compressor efficiency = turbine efficiency = 85%). Further examples
of application to the gas-turbine cycle are presented in reference (5).
The problem of matching an Aerothermopressor to other equipment
is quite important. For an Aerothermopressor to have a significant
stagnation-pressure change, the flow must be supersonic for a consider-
able part of the evaporation. Thus whether the Mach Number at the in-
let plane is supersonic or subsonic, the flow is choked. The discharge
flow rate from the gas turbine should match this choked flow exactly
to have best Aerothermopressor performance. If the turbine flow should
decrease slightly, the inlet pressure to the Aerothermopressor would
drop, the pressure rise to atmospheric would be too great for the Aero-
thermopressor to handle, and the flow would suddenly become subsonic.
If the turbine flow increases, it may pass through the Aerothermopressor
by increasing the pressure level at the inlet. However, the advantage
of an increase in stagnation-pressure level claimed for the Aerothermo-
pressor is now lost.
Therefore because of the choked flow associated with the necessary
supersonic velocities, the application of the Aerothermopressor should
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be to devices that have a very steady flow rate. Auxiliary systems
that bleed in a little additional hot gas from adjacent devices may
be useful for fine adjustments or for aiding the starting flow.
The stagnation-pressure increase in an Aerothermopressor can only
be utilized where a sufficient supply of water exists. Thus applica-
tion to gas turbines in aircraft (the water flow rate is approximately
equal to ten times the fuel flow rate) or in desert installations is
impractical. Salt water could perhaps be used in some marine instal-
lations but wall friction might be altered by roughness caused by the
corrosion.
The Aerothermopressor has little to offer to thrust devices because
it essentially is the opposite of an afterburner for such applications.
No Aerothermopressors with water injection into hot-air streams
are known to be in use. However, the same principle is involved in
the action of certain steam ejectors that are capable of pumping
meter into the same boiler from which the steam came.
5.4 Conclusions
The maximum net stagnation-pressure rise obtained in the medium-
scale Aerothermopressor varies from 4.8% at T01 = 1465*R to 6.7% at
T 0 = 16700R. Higher expected values were not obtained because (a)
the optimum area variation with length could not be used due to start-
ing limitations and (b) the diffuser efficiency was so low for the
velocity profile entering the diffuser. Most applications require a
greater rise in stagnation pressure before the Aerothermopressor would
be economically feasible. Better Aerothermopressor action depends
primarily on two factors, smaller droplets and larger ducts (and
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flow rates). For a flow rate of 600 pounds per second (thirty times
that of the present investigation) and an -inlet temperature of 1500*F,
it should be possible to .get a stagnation-pressure increase of
17% - 18 with the present Mach Number variation and a subsonic inlet.
If the limitations of the starting problem can be overcome, then a
more optimum area variation can be used which could push the stagna-
tion-pressure rise of a 600-potund-per-second flow to upwards of 25%.
Finally, if the droplet diameters resultinlg from supersonic Mach Num-
bers at the plane of water injection (inlet relative velocities of
2500 - 3000 feet per second) follow the correlation of Nukiyama and
Tanasawa, if a water injector with negligible drag can be designed for
the supersonic entrance nozzle, and if starting limitations can be
overcome, net stagnation-pressure rises of 15% - 20% for flows of 50
pounds per second and perhaps 40% for flows of 600 pounds per second
should be realized.
Fig. 5.2. View of 11-inch diameter Aerothermopressor.
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APPENDIX A
EQUATIONS GOVERNING CHANGES IN GAS STREAM PROPERTIES
A.l Continuity, Momentum and Energy Equations
The governing equations for a one-dimensional formulation of the
Aerothermopressor process are easily derived by considering the control
volume of differential length shown in Fig. A.l.
dz
p ~ ~~~~~~~ --. -...- -- - v+ dv p
V ~w+ dw
W1,~~ +dw~xd
Fig. A.l. Differential control volume.
Continuity Equations. Conservation of mass requires that for steady
flow both the mass flow of air and the mass flow of water must remain
constant.
wa = constant; dwa = 0 (A.1)
w = w + w =-consat w = w+dw (A.2)
w v i- ntt; dw =O w J.
The mass flow of the gas phase is defined as
wa + w; dw=dw = -dw(
v v 4(A3
The cross-sectional area required for flow of the liquid droplets is
negligible for the usual flow rates in the Aerothermopressor (wswa '3)'
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Therefore
w = V A;
dw d+ dV dA
w y V A
Momentum Equation. The momentum theorem for steady flow involves
the forces and momentum flows shown in Fig. A.2a.
-. *(w + dw)(V + dV)
pA _ I - - pA + d(pA)
"" --- .- 
- (%V I - dw)(vl + d VI)
1r vDdZ
waha
wvhv
w IhI
wV2/2
W 112/2
...... "''" _ _, wa ha + d(wo h )
P* v + d(wvhv)
gowgh , + d(wg hj)
wV /2 + d(wV2/2)
"--t---. . w 2v/2+ d(w V1/2)
Fig. A.2. Momentum and energy fluxes.
For small rates of change of area with length and letting D be the
hydraulic diameter of the duct,
pA + pdA - pA + d(pA) -'T Ddz = (w+dw)(V+dV) + (w - dw )(V + dV ) -V-w
By defining the local skin-friction coefficient f as
f =~
2
and making use of Eqs. (A.4) and (A.ll) the momentum equation takes the
form
dp+ kM2 dV +f
p2 .+ - + (1-y) 
=0D w V
Energy Equation. The First Law of Thermodynamics written for the
case of steady flow and no shear work involves the terms shown in Fig. A.2b
and takes the form
wdQ = d(waha) + d(wvhv) + d(wghg) + d(wV2 /2) + V d(w 2/ 2)
(A.4)
(A -5)
(A.-6)
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For a mixture of perfect gases that satisfies the Gibbs-Dalton Rule
w dh + w dh =wc dT (A.7)
a a v v p
Combining Eqs. (A.6), (A.7), (A.3) and (A.ll) yields the result
dQ - -dh - +(1-y2)2/2dwdT cw Fv h1 .ld2V22
T c T +c T w
p p
4 (k-)M2 + -w y =0 (A.8)
Equation of State. The equation of state written for the gas stream
(a mixture of perfect gases) is
p = RT/W ; dT dW (A.9)p f - W
Definition of the Mach Number. Many compressible flow problems are
much simpler algebraically and can be more readily interpreted in terms
of the Mach Number. The Mach Number of the gas flow is defined as
M V/c
For the perfect gas mixture
2 V2 V2W dM dV dW dk dTM = 2 = ; M = 2 k T (A.10)
A useful auxiliary relation for a perfect gas is
V2 = M2 (kRT) = kpM2 (A.ll)RT
A.2 The Stagnation Properties
The stagnation properties introduced in Section 2.3 are very useful
for describing some of the phenomena occurring in the Aerothermopressor
process. The relations satisfied by the stagnation properties are now
derived.
Gas-Phase Stagnation Temperature. The energy equation for steady
adiabatic deceleration of the gas phase alone yields
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Tf od V 2 M2 kRT 
-M(cp-c)k RT
cr dT 2 2
T
Since c may vary during the deceleration, it is difficult to get a
simple exact expression. However, the variation in c is not large
and may be approximated by a constant value (during this deceleration
only). Hence, gas-phase stagnation temperature can be written in the
form
0 1 + l (A.12)T ~ 2M
The changes in the terms of Eq. (A.12) along the duct are related
by the differential form of the equation
dTo dT (k-l)M /2 dM kM/2 dk(
+T 1+(k-l)M2/2 M2 ' 1+(k-1)M2/2 k (A .13)0
The value of k is permitted to change in the differentiation to obtain
Eq. (A.13), because this change is due to evaporation of water during
the Aerothermopressor process (as opposed to the deceleration process)
which influences the local temperature level and composition and conse-
quently the value of k. Since the effect of variation of k is small,
this simplified treatment is justified. Finally, it is remarked that
Eq. (A.13) is not used in the detailed computations. It is introduced
only to help understand the processes occurring in the Aerothermopressor.
Gas-Phase Stagnation Pressure. The pressure that would be reached
by steady, reversible, adiabatic deceleration of the gas phase alone is
determined from the property relation
Tds = dh - dp
For a perfect gas undergoing an isentropic process
c pdT dds = 0 = T
Again with the assumption of constant specific heat c
PO T k/k-
= ( .= 2 )
The form for chaZges of p0 along the duct due to the Aerothermopressor
process is i
dp =dp kM2/2 dM2 k Fk(k-1)M2/2 
- log(1+ M2] (A.15)
PO p 1+(k-1) M2 (k-1)2-- l+(k-l)M2/2 2 k
Mixture Stagnation Temperature. From the definition of the mixture
stagnation temperature, the temperature of the liquid droplets does not
change during the deceleration to zero velocity. Thus during the decel-
eration the kinetic energy of the droplets is added to that of the gas:
phase giving (for constant c.)
C = c T + -+ &L= c T + LYAL.P 0 p 2 w 2 p 0 w 2
= 1 + (l+y2 -) M2 = ,T :W- 2 (A .16)
In differential form
o T - dM2
= +l - d(l+y 2A) +2 dV2
-yoM2 (L + + + y ) (A .17)
Mixture Stagnation Pressure. The pressure that the gas would reach
as a result of the steady, reversible, adiabatic deceleration to
k/k-1
(A.14)
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temperature 90 is given by
P 9 k/k-1 k/k-1 -y k-1 2 k/k-1
= L( = + 1 + y M (A.18)
The differential form is
oP dp k dQ0 dT k Fo-i dkA.9
P + k~ l[ (k9 )2l (A.19)
o o
The stagnation property entries in Table I are found by substituting the
previously derived results from the first four rows of Table I as needed
in Eqs. (A.13), (A.15), (A.17) and (A.19).
A.3 Auxiliary Relations,
Humidity Relations. The local specific humidity is defined as the
ratio of mass flow of water vapor to mass flow of dry air at the same
location (WE w wa With the initial water-air ratio O0E w /wa
and the total mass flow of gas w = wa + w v, the following useful
relations are obtained.
w=wa + W = wa(l+00; dw dW (A.20)
a aw 1+ to
Wa + w + w w+w +( w l f +(A2 +n
w (1 +W) w(1 + (j) l + (2
Molecular Weight Relations. The molecular weight of a mixture of
perfect gases with a mass ratio w wa is given by
l l 1(w + wa) W v W~ W "a
v a
In differential form
1 - (w /W )
W (W /Wa a
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Ratio of Specific Heats. The ratio of specific heats k of a mix-
ture of perfect gases is similarly shown to be given by
k W kk 1 ka Wa kv
K 1 + (W/W ) ) i+ k- (A.23)
a y a v v
Relation Between Mixture Stagnation Temperature 99 and Inlet Conditions.
An expression for the local value of 90 is easily derived by writing the
energy equation for the control volume shown in Fig. A.3. For the case
of no external heat transfer and zero inlet humidity, every equation
yields
Control Volume
Ta
I h
V I
w )V V
h h
-- -- -----
Fig. A.3. Control volume for obtaining local 90
wa (h + 2 ) +ww(h1 2) + w(h +
(A.24)
With the definition of the local mixture stagnation temperature, Eq. (A-24)
can be written as
p (o - G)= (hv) - 1 (l-W) c (TI - Tgi) (25)
where(h P is to be evaluated at the temperature 9
V 11 0
0
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APPENDIX B
EQUATIONS GOVERNING GAS STIREAM-LIQUID INTERACTIONS
The remaining equations necessary to determine the top row of Table I
are obtained by considering the three stream-liquid interactions of heat
transfer, mass transfer and droplet drag.
The actual liquid water flow is approximated by a cloud of small
spherical droplets uniformly distributed over the cross-sectional area.
At any duct location z, n droplets, all of which have the same diameter
JJ,flow per unit of time. (Values of n and S~may be functions of z.)
Since all droplets are assumed to behave similarly, and because the
average distance between droplets is greater than ten droplet diameters,
consideration of a single droplet in an infinite gaseous medium is taken
to be characteristic of the gas stream-liquid interaction.
Consider then a single droplet passing through the stationary con-
trol volume of Fig. A.l. The droplet has a velocity V , temperature Tg
and diameter.' The surrounding gas stream has a velocity V, temperature
T, pressure p and humidity W.
B.1 Heat Transfer
A coordinate system is chosen to move with the droplet. The First
Law of Thermodynamics is applied to a system chosen as the droplet of
mass m at time t. (See Fig. B.1)
m m-dm dmi
T T'P/
time t /time t+8t
Fig. B.l. Heat transfer to droplet.
q dt = m dhf + dm h
3
n dt = m Lh + II m r f17f
Sc dT + h dm (B
Neglecting the effect of radiation (which is of negligible importance
for the small droplets in this process), the heat-transfer rate q to a
single drop is given by the definition of the heat-transfer coefficient
h as
h ALAT = h17T (T-TR)
Equation (B.2) then has the form
h17Yo (T-Tt) dt = TrJ.? c dT + hfg dm
By considering the motion of the cloud of droplets that enters
the control volume of Fig. A.l at z and leaves the control volume at
later at z + dz, it is seen that the heat-transfer equaten for all of
the droplets can be written as
.2)
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The heat transfer to the system in time dt is given by q dt. The
work done by the system is approximately
+ p [(m-dm)(v f + dv f) + v dm - mvf]
(assuming the system can still be identified at t+dt as shown in Fig. B.lb).
The First Law of Thermodynamics yields
q dt - Pg [(m-dm)(vf + dv) + vgdm - mv = (m-dm)(uf + du ) + ug dm-muf (B.1)
From the definition of the enthalpy h 5 u + pv, for a process occur-
ring at essentially constant pressure
dh = du + pdv
Simplifying Eq. (B.1),
hpd n (T-9) dt = !r3  nc2 dj+ h dw
oTr
dT h(Y ) hfg dw .
p. kt f n dt
T.o be able to make use of Eq. (B.3), additional information of two
types is required: (i) relations governing the choice of n and it each
location and, (ii) knowledge of the heat-transfer coefficient h and the
corresponding temperature difference on which it is besed.
Droplet Number-Diameter Relations. R:eplacing the actual drop]et
diamneter spectrum with an equivalent simpLe model for heat- and mass-
transfer purposes is thoroughly discussed in Appendix C. Two different
approximate models are suggested for simple description of the droplet
spectrum.
For Droolet Model A:
n = constant =n =-
(B.4ab
(-) 1 -
For Droplet Model B:
J= constant =D
0 ~(B-5a,b)
n w
"eAt-'iransfer Coefficient. Heat transfer between an evaporL:Ling
droplet and its environment depends on both radiation and conduction in
the general case. For the usual conditions in the Aerothermopressor
process though, the droplet diameters are sufficiently sma11 so ta
heat transfer by radiation is negligible compared -to that transferred
by conduction and therefore will be neglected in all analyses and
1/3 1/2 6%Nu = 2 + .6 (Pr) (Rey)
for evaporation of pure liquid drops based on a temperature differenc(
T -T drop The Reynolds Number range of their experiments covers that
of the Aerothermopressor droplets, but larger diameter droplets, smaller
relative velocities and smaller temperature differences were involved.
calculations. (Such a conclusion is not necessarily valid for the
combustion of fuel droplets. In the latter case somewhat larger dia-
meters and higher absolute temperatures may result in radiation being
of equal importance with conduction.)
The temperature distribution inside the droplet can be taken as uni-
form. This result is also a consequence of the very small droplet dia-
meter and, in fact, has been implicitly assumed previously by referring
to a single droplet temperature TY__
No exact theoretical solution is available for the heat-transfer
coefficient h for an evaporating droplet moving relative to its environ-
ment. The extremely simple case of heat transfer by conduction between
a rigid sphere and a stationary infinite medium is easily solved for the
result h Q/A= 2. A few other theoretical heat-transfer solutions for a
rigid sphere in a moving environment have been found. One such example,
(12), valid for low Reynolds Number and lov Prandtl Number, yields the
result
h = 1 581 2 2
= Nu = 2+ (r)(Rey) + (Pr) (Rey) +,
A number of experimental studies of heat and mass transfer for
evaporating droplets have been carried out. No results are known, how-
ever, for the small droplet diameters and large temperature differences
that occur in the Aerothermopressor process. In 1952 Ranz and Marshall (11)
published the empirical result
)
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Their result, Eq. (B.6), is probably the best available for the present
problem.
Because of the smaller diameters, larger relative velocities and
greater temperature differences involved in the Aerothermopressor process,
much higher evaporation rates from each droplet will be obtained than in
the experiments of Ranz and Marshall. The very high mass-transfer rate
in turn has an effect on the heat transfer because the diffusing vapor
affects the surrounding temperature field. This effect may be easily
determined theoretically for the case of'a droplet at rest with respect
to the surrounding medium. To do so, consider the situation shown in
Fig. B.2. Liquid evaporates from the droplet and diffuses radially out-
ward through a stationary gaseous medium. The steady-state energy
control
volume-
dr
T 0
r
TR g +(dq/dr)dr
Fig. B.2. Effect of diffusing vapor on temperature field.
equation for the differential control volume yields
C- 4-~= dx] =[nih + --. (mh) dr]
- dr dr
- rfl
or
dg d -- +da * dT
- r - = -- (m .) = mL -' = M Cd~r ar ' dr pvdr
where c is the specific heat of the diffusing vapor.pv C
The Fourier heat-conduction relation is
dT
- dr
which leads to the differential equation
d dT, - pv dT
dr '~ dr' rT dr
with the boundary conditions
T =T
The solution (for constant cpy and ) s
TT
TyT
r -- co
(p (l - -)2r
e
eW
where
pv
The heat flux at r 2
r dr r =e1
With definition of the heat transfer coefficient as
qh A T = h1l (T - T
r =0
B.~7
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the resulting expression for the heat-transfer coefficient is
Nu h - 2 (B,8)
e -l
For an evaporation rate tending to zero
E Nu= 2
,x p~oO
which is the result obtained for the Nusselt Number in the absence of
mass transfer, The ratio
Nu h (B-9)
Nu* h* 
-1e -l
for small values of (p is
Nu + 1 -
Nu* 2 12 2
Thus the actual heat-transfer coefficient decreases approximately
linearly as the mass-transfer rate increases (for small rates of
evaporation).
As soon as the droplet temperature has reached a steady value (which
occurs rapidly, see Fig. 2.6), all of the heat transfer to the droplet
results in evaporation. The evaporation rate can then be written as
m h = hA (T -T = h1rO? AT
or
mcpv 1 hD- Cpv oo - cpv
2=r,\D 2- h 2 h
Equation (B.8) yields
2 c T c T
= log (1 + 2) = log (1 + ) -4 cpv ATNu h gh fg(B-10)
fg fg
If the surrounding medium is not at zero velocity but flowing past
the evaporating droplet, film theory (13) yields the same results that
-17-
were just obtained for the ratio of actual heat-transfer coefficient to
heat-transfer coefficient in the absence of mass transfer.
Nu (B.9)
Nu* (P 2
e -l
Therefore, once again for constant values of droplet temperature
c AT c t-T
= log (1 + ) h g h (B.10)
fg fg
("Film theory" is a method of approximating the resistance to heat trans-
fer (or mass transfer) by a thin fluid film, the thickness of which
would offer the experimentally observed resistance to the transfer
process. One of the crucial assumptions in film theory is that the
film thickness does not change as mass transfer rates change. The theory
does correlate experimental results in a number of cases.)
The effect of mass transfer on the heat transfer in the Aerothermo-
pressor process can be easily estimated from Eq. (B.10) once the drop-
let temperature has reached a constant value. Typical values yield
(.45)(350) 161000
= .92
A reduction of 8/ in the heat-transfer coefficient due to the mass
transfer is insigni-ficant compared with the uncertainty in the heat-
transfer coefficient itself. In Regime I, however, with the very high
relative velocity, heat-transfer and mass-transfer rates are higher,
and consequently the mass transfer will have a larger effect on the
Nusselt Number. All of the heat transfer in this latter case does not
evaporate liquid; a significant portion is involved in heating the
droplet.
-11
For the theoretical calculations, the effect of mass transfer on
the heat-transfer coefficient is ignored and the relation used in all
computations is Eq. (B.6)
-x- h 1^ /3 1/2Nu = Nu =- = 2 + .6 (Pr) (Rey) (B.6)
The temperature difference corresponding to the experimental correlation
of Eq. (B.6) is
AT = T - T T - T
oo dropI
When comparisons with experimental results are made, it should be
remembered that during periods of very high droplet acceleration the
calculated heat transfer should probably be somewhat reduced because of
the high mass-transfer rates.
(The study of combustion of fuel droplets (14, 15) leads to expres-
sions very similar to Eqs. (B.9) and (B-10). In many such cases the
effect of mass transfer on heat transfer is much more important than
in the Aerothermopressor because AT is larger and h is smaller.)
The final form of Eq. (B.3) for the heat-transfer interaction
between the gas stream and liquid droplets for Droplet Model A is
c E= Nu (T - Th) - fg dw (B.11)p.9dt 00 NuTdh-
and for Droplet Model B is
c Se 6 Nu (T - T ) - fg dw (TKI2)
pP dt Q0-WU) dt
B.2 Mass Transfer
The equation governing the mass transfer for a droplet is very
similar to that governing the heat transfer. Since the mass of water
must be conserved, the increase in the amount of water vapor must equal
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the decrease of liquid water in the droplet. The rate of change of
mass from liquid to vapor for a single droplet is usually expressed
through the definition of the mass-transfer coefficient hm as
mm
ni = = hm A ((B.13)
where the driving force for mass diffusion is the difference in concen-
tration of water vapor here expressed in terms of the density difference
f = - voo'
The mass transfer for all of the droplets passing through the con-
trol volume of Fig. A.1 is
dw hBiliI.a
=t hmW n (B.14)
Once again additional relations forJ C;n and h are required. The two
m
droplet models yield analogous results for the J0and n relations for
the mass-transfer problem and for the heat-transfer problem, i.e.,
Eqs. (B.4) and (B.5).
Mass-Transfer Coefficient. As is the case for the heat-transfer
coefficient, the mass-transfer coefficient cannot be obtained theoreti-
cally for a process as involved as that in the Aerothermopressor. The
experiments of Ranz and Marshall (11) yield empirical results 'or the
mass-transfer coefficient in the form
_ h4D 1/3 1/2
Nu = -- = 2 + .6 (Sc) (Rey) = Sh (B-15)m
based on concentration difference Af= ( - The form of
Eq. (B.15) is analogous with that of Eq. (B.6) as it should be since
the basic differential equations of heat transfer and mass diffusion
have the same form.
Equation (B.15) is valid for very small mass-transfer rates. For
-120-
large mass-transfer rates, a correction should be applied as was done in
the heat-transfer case. The result indicated by film theory (13) is
Nu
m e -l
As derived previously, this correction is of the order of 8% once the
droplets have reached their quasi-steady-state temperature. Thus the
final form of the mass-transfer equation (B.14) for Droplet Model A is
_( l - )l/3 Num A ~ f ) (B.16)
dt M'V o
and for Droplet Model B is
(1,- ) Num (B.17)
It should be remarked that the mass-transfer equation (B.13) with
the correlation (B.15) begins to be invalid at very small diameters
due to a vaporization resistance (for t<209 ) and surface tension
(4Y<lM). These refinements are not included in the analysis. In
Chapter II it is shown that approximations made in the mass-transfer
equation are of minor importance as compared to the heat-transfer rela-
tions for the Aerothermopressor process.
B.3 Droplet Acceleration
The motion of a droplet is due primarily to the drag force exerted
on the droplet by the gas stream as a result of the relative velocity
difference between the gas stream and the droplet. The drag force
acting on an evaporating drop during a time interval dt only changes
the motion of the liquid still remaining in the drop. The liquid that
evaporates and leaves the drop in time dt mixes with the gas stream and,
-121-
as a result of the mixing, is quickly accelerated to gas-stream velocity.
However, the force required to accelerate the vapor is not part of the
aerodynamic drag force acting on the spherical droplet. Thus the drag
force on a droplet causes the acceleration of the droplet mass only and
has the form
Drag force = m(dV /dt) =(((v /dt) (B.18)
The aerodynamic drag force is due to both shear stresses and normal
stresses acting on the droplet. The drag coefficient C d for bluff
bodies such as a sphere is usually defined as
Drag force a Cd '1' ^(V (B.9)
The relative velocity is written as shown in Eq. (B.19) so that both
accelerations and decelerations can be treated with a single equation.
Combining Eqs. (B.18) and (B.19) yields
dVk /dt = f(V - V V - V = (C Rey)L 2  ) (B.20)
In order to carry through computations for the droplet acceleration,
it is necessary to have values of C d No exact theoretical solutions
are available for the drag of an accelerating evaporating droplet.
The drag-coefficient result for a much simpler problem--the steady-
state drag of a rigid sphere in an infinite uniform medium--is well
known. For very low Reynolds Numbers (Rey<5), the drag can be obtained
theoretically (Stokes flow and Oseen flow). For higher Reynolds Numbers,
resort to experiment is necessary.
The physical differences between the two cases of drag of an ac-
celerating, evaporating droplet and drag of a rigid sphere at rest are
many. The more important effects are the following:
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(1) Unsteady flow. An accelerating particle carries surrounding
fluid with it and thus has an apparent mass greater than just
the particle mass. Apparent mass effects are readily cal-
culated for frictionless flows. They have also been deter-
mined in the Stokes flow regime for spheres (16). The effect
of apparent mass on the drag coefficient of Eq. (B.20) would
be to decrease it. However, since the density of the sur-
rounding gas is much less than the liquid density, apparent
mass effects should be quite unimportant for the Aerothermo-
pressor droplets.
For low values of the Reynolds Number (Stokes flow) the
drag of a sphere is primarily due to shear stress. At high
values of the Reynolds Number the drag is due primarily to
normal stresses as a consequence of the flow separation
associated with bluff bodies. The pressure distribution
around an accelerating sphere is different from the steady-
state values and therefore the location of flow separation
is changed. Consequently, the drag coefficient can be con-
siderably altered. Ingebo (17) has investigated the effect
of acceleration on the drag coefficient for spheres. For
values of the relative Reynolds Number Rey<5, his results
agreed with the steady-state results. For larger values of
the Reynolds Number, the drag coefficient decreased more
rapidly than in the steady-state case. For example at
Rey=30, Cd/Cd = .75 and at Rey = 200, Cd/Cd = 0.4
sS sS
In the present case the initial acceleration is often greater
than 4o,000g.
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(ii) Mass transfer* The effect of high rates of mass transfer on
the local shear stress acting on the droplet should be about
as important as the effect on heat transfer or mass transfer0
In the higher'Reynolds Number range, the drag is primarily
due to the normal stresses. The latter can be affected con-
siderably by the flow pattern around the droplet. Results
cited by Spaulding and Saunders (14) show that:(a) drag of
circular rods is less in the presence of mass transfer at
the surface of the rod; (b) drag of burning cotton-wool
spheres is less than non-burning ones; and (c) the distance
reached by fuel particles ejected from a flame thrower was
much greater when the stream was ignited than when not burning.
These results indicate that the presence of large mass-trans-
fer rates considerably reduces the drag coefficient.
(iii) Internal motion in a droplet. Since a droplet is not rigid,
the shear stress on the boundary of the droplet may set up a
circulation in the droplet. Such a circulation changes the
usual surface boundary condition of zero tangential velocity
and, consequently, the external flow is altered and the drag
reduced. Ackeret has observed that a surface velocity
equal to the potential-flow velocity would yield zero drag
(in the presence of no evaporation). In addition to circu-
latory motion, the droplet may have oscillatory motion, or
perhaps just a non-spherical constant shape due to the sur-
rounding pressure distribution. This problem is discussed
further in Reference (18).
It is not known how to include all of the effects on the drag co-
efficient due to the differences between an accelerating, evaporating
droplet and a rigid sphere in a steady flow. For many aspects of the
problem, the accuracy of droplet velocity is not important as discussed
in Chapter IV. Thus for most calculations the experimental result for
the drag coefficient of rigid spheres (20) will be used.
C = f(Rey) = f(V'Y (B.21)
To illustrate the effect of a changed (reduced) drag coefficient,
several computations have been made and are discussed in Section 4.
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APPENDIX C
EVAPORATION OF A DROPIET CLOUD CONTAINING A SPECTRUM OF DROPLET DIAMETERS
C.1 Introduction to the Problem
In the Aerothermopressor process as well as in many others, it is
necessary to calculate the rate of interaction between a cloud of
particles and the medium (gas or liquid) in which the particles are
dispersed. The rate of interaction for each individual particle
usually depends, among other things, on the size of the particle it-
self. Often in such processes there is an initial spectrum of particle
sizes, and since the interaction changes the size of each particle by
a different amount, the shape of the particle spectrum changes with
time. The rate of interaction not only depends on the instantaneous
size spectrum, but also on fluid properties of the surrounding medium
and on particle properties other than the size, all of which may be
changing with time.
The problem as just described in the above paragraph is usually
not attacked. Instead, many engineering calculations are based on the
idea of replacing the spectrum of particle sizes with a cloud of par-
ticles of uniform size, this mean or equivalent size being chosen so as
to try to match the spectrum conditions at least initially. In the
following paragraphs an analysis is presented for the evaporation of
a droplet cloud containing a spectrum of droplet diameters. The cal-
culated results for the spectrum are then compared with results obtained
by using simplified models of the evaporating droplet spectrum A-
though the results are derived primarily with the AerothermopresSor
process in mind, the results are applicable to a number of other processes
ME! =_
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such as combustion or diffusion problems.
C.2 Special Nomenclature for Spectrum Analysis
A constant in molecular growth-rate law, R =-A/
A, constant in growth-rate law for radiant heat transfer, R = -A,
a equal to F 9
c specific heat at constant pressure of surrounding medium
p
diameter of particle
constant reference diameter equal to D~at the point <G/,0&t=0
dimensionless diameter 4/&
D/Dt signifies "substantial" differentiation with respect to time,
i.e., while following a particle of fixed identity
erf symbol for error function
f1(z) see Eq. (C.10)
f2 (t) see Eq. (C.10)
G dn/dZ, number of particles of size per unit interval of diameter
G dimensionless form of G
h coefficient of heat transfer
H signifies an arbitrary function of the indicated argument
J a function of diameter, J = - d4/fi(JO)
K modified Bessel function of the second kind of order v
V
L Latent heat per unit mass of evaporating substance
m mass of gas
g
n total number of particles at time t
dn number of particles lying within the diameter interval fCrom
OtoZ+ d&3-
q rate of evaporation
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R growth rate of particle, D/Dt
t time
T temperature of particle
T temperature of surrounding medium
g
u dimensionless variable u2 = 1 + 41)'/a2
V total volume of particles
x mass fraction of droplet cloud which has evaporated
z dimensionless variable, z2 = ( 2
CK see Eq. (C.4)
see Eq. (C.4)
exponent in R ~ '
*9 dimensionless time variable, 9E t0
91 dimensionless time variable, 91 Ait/.&
thermal conductivity
mass density of particles
temperature difference, 't' T -Tg
(P a constant, LV/m gc p't0
signifies quantities pertaining to appropriate correct mean
size for same total mass and same rate of change of mass
( )u signifies quantities for the usual conventional model having
fixed number of particles of uniform but varying size, with
correct initial mass and correct initial rate of change of
mass (Droplet Model A)
( ) signifies quantities at t = 0, except for the Bessel function K0
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C .3 Basic Concepts and Definitions
The Particle-Size Spectrum
Assume that for purposes of analysis the actual histogram of the
size distribution of particles may be replaced by a continuous curve.
The particle concentration G is then defined as G E dn/d,& where dn is
the number of particles lying within the infinitesimal range of dia-
meters between Zand Did. Thus a graph of G versus Z (Fig. C.1)
illustrates the size distribution in the cloud. The area in a narrow
vertical strip, Gd.O", represents dn, the number of particles having
diameters within the size range of the strip.
- d
or
dA - Area a dn
d z G-d.V
.or [ua
Fig. C.l. Particle distribution as a function of diameter.
Dimensionless Representation. When the shape of the spectrum,
rather than the actual values, is of interest, it is convenient to em-
ploy the dimensionless coordinates, NG/n 0 G-and S/ * D , where
is any convenient but fixed value of &(for example, the value of .I
corresponding to the initial maximum value of G ). These normalized
coordinates are shown in brackets on Fig. C.l.
Total Number of Particles. The total number of particles is givenby
the total area under the curve of Fig. C.1 inasmuch as
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n = fdn=f Gd- = f $-G d(OY/g,0) = no d V (C.1)
0 0 0
Total Volume of Particles. Similarly, the total volume of particles
is given by
00 oo
qr fi Inidao (C.-2)
0o 0
and is therefore found by integrating under the spectrum curve after the
ordinates of the latter have been weighted by the factor E)3.
Mass Fraction of Droplet Cloud Which Has Evaporated. Since the
particles are considered to be incompressible, the mass fraction
evaporated is given by
x=1- =1 - . (C.3)o G 3
The Growth Rate. The most important feature of this analysis is
the changing size of the particles. This is described by the growth
rate,
R = DO/Dt
where the operator D/Dt signifies "substantial" differentiation, i.e.,
R is the rate of increase of particle diameter for a particle of fixed
identity. For evaporation or combustion, R would have negative
values.
In the general case the value of R depends on the type of process
(evaporation, combustion, etc.); on the physical properties of the parti-
cles and surrounding medium (velocity, density, viscosity, thermal con-
ductivity, temperature difference, etc.); and, on the diameter 0Tof the
particular particle concerned.
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Mean Particle Size
One may define any number of mean sizes (26) through the general
formula
1
where <d and (3are arbitrary numbers, and 1  is the corresponding mean
diameter. For example, with o(= 3 and (= 2, the value of thus ob-
tained is the so-called volume-surface mean diameter, i.e., the particle
diameter whose ratio of volume to surface is the same as that of the
actual particle cloud.
Equivalent Mean Size for Evaporation or Combustion. One of the pur-
poses of this analysis is to treat the actual particle cloud as though
it were composed of uniformly-sized particles. For the processes under
consideration, it is evident that the actual cloud and this model cloud
of uniformly-sized particles must agree in two respects; they must,
instantaneously, have (a) the same total mass, and (b) the same rate of
change of total mass. Using bars to denote quantities referring to the
model cloud of uniform drops, these requirements may be expressed as
fGd&. = - Z3
These may be solved simultaneously foro and n to give
0&f. -aG -0Jc (c.5
1n______ (C .6)
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At each instant, the model cloud containing i particles of uniform
diameter 9-will have the same mass and the same rate of evaporation or
combustion as the actual cloud. Here it is important to note, however,
that i is not equal to the number of particles in the actual cloud; nor
does it remain constant with the passage of time.
Examples of Practically-Significant Mean Sizes. Often the depen-
dence of R on 0-may be approximated by R--, ~7 6. The constant 3 is zero
when radiant heat transfer is controlling; it is equal to unity when
molecular transfers control; and it is equal approximately to 0.2 when
turbulent transfers control. Using this relationship together with
Eq. (C-5) we obtain the mean size as
_o ~Gd,9 (C 5a)
GdP-
The two limiting values of N may briefly be anticipated here:
1) If R is independent of &, as would be the case when the pro-
cess depends on radiant heat transfer, then '= 0, and the appropriate
mean is the volume-surface mean,
0o
ck-; - J4&6~ 5(.b
2) If the process depends primarily on molecular transfers (i.e.,
the relative Reynolds Number is very small), R is inversely proportional
to a, K = 1, (11), and the appropriate mean size is the 3/1 mean,
~ JJ9GQ~c~-(C.5c)
The formulas corresponding to Eqs. (C.5a), (C.5b) and (c.5e) for
the dimensionless mean sizes are obtained by simply replacing Lwith ID
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and G with (7.
C .4 Differential Equation Governing History of Particle Spectrum
Description of Model of Process
Consider the case of a cloud of particles interacting with the sur-
rounding medium. Assume the particle cloud and the medium are each
*
moving with a constant velocity or are at rest. To an observer moving
with the particle cloud in the former case, the situation would appear
to be identical to the latter case for a stationary observer. The
problem will be formulated for an observer moving with the velocity of
the particles in order to eliminate velocity-time relationships from the
equations.
The Growth Flux
A necessary preliminary step is the derivation of an expression which
indicates the flux rate at which, as a consequence of growth, particles
cross from sizes smaller than Oto sizes larger than .
G
t+dt
No. of Drops = GRdt
G"N S R dt-
ot
Fig. C.2. Growth flux of particles of diameter 00Y
*
A somewhat more general case is treated in reference (29).
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Consider all the particles smaller than £Dat time t. During the
time interval dt, all the particles will grow at their appropriate
growth rates. The increase in diameter of these particles originally
of size :5is dI- = GRdt, and the number of particles grown larger than
J is therefore GRdt (see Fig. C.2). Dividing this expression by dt,
the expression for the growth flux is:
(Number of particles per unit time becoming larger than) = GR (C.7)
Governing Differential Equation
Only those droplets within the size range from X to JO+ d-0- will
now be accounted for. Particles slightly smaller than D@grow into the
size range under consideration, and similarly, particles slightly smaller
than Z+ dO'0 grow out of the size range. The rate at which particles
grow into the size range Oto Z(Y+dJZT is GR. The rate at which particles
grow out of the size range is GR +[ (GR)/i)§3dlJ Thus a numerical
accounting for the instantaneous number of particles dn = Gdc in the size
range .to C4 d45 is given by
(Gd-)dt = GRdt - [GR + (GR)d& dt
or
G (GR) (C.8)
Form of General Solution.
Equation (C.8) can be written in the form
+ R 
- (C.8a)
As such it is a first-order, linear partial differential equation. The
general theory (28) of equations such as Eq. (C.8a) requires the solution
of the associated ordinary differential equations
dt dZ- dG (C9)
- = R - GR/3(C
To obtain the solutions to Eqs. (C.9), however, one must know how
the growth rate R depends on B-and t. Now R depends on t to the extent
that the physical properties of the fluid medium (such as the tempera-
ture, specific heat, thermal conductivity, etc.) and of the particles,
partly govern the rate of evaporation, and these properties may all be
functions of time. For example, the temperature difference forcing
heat transfer depends on how much has already been evaporated.
Since the form of the R-t relationship is not known in advance, it
must be found by simultaneously solving the spectrum equations and the
equations governing the changes in properties of the fluid medium and
of the particles. Consequently, the solution may involve such auxiliary
relations as the energy equation, stoichiometric equations, heat-trans-
fer relationships, etc., inasmuch as these enter into the determination
of the rates of interaction between the cloud and the fluid medium as
well as of the properties of the fluid medium.
Case for Which R = fi(JI)f 2(t)
Although the solution for G as a function of t and .- cannot be
found for the general case until the R-t relationship is known, the
simultaneous solution of the spectrum and fluid medium equations can be
avoided by assuming that the growth rate can be written as
D R = fj(Ja)f2 (t) (C.10)
wherein the function f, depends on jaalone and f2 on t alone.
With this assumption it is possible to first solve the spectrum
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equations, and then determine the complete relationships for the inter-
action between the particle cloud and the medium. The physical situa-
tion to which Eq. (C.10) applies is the case of a uniformly moving drop-
let cloud and medium in. which (i) all particle properties are the same
except the size, and (ii) the properties of the fluid medium appear
the same to each particle. The Aerothermopressor droplet-evaporation
problem downstream of Regime I is of this type because all droplets
rapidly approach a constant temperature and the gas velocity, and all
droplets see the same properties of the surrounding gas.
With Eq. (0.10) the solution to the dt, d 0equation of Eqs. (C.9)
is
J + J f2 (t) dt = constant = C (C.11)
0
where
J = J( =- f d/fi(B) (C .lla)
The dcf, dG equation integrates to
Gfi = C2
Therefore, elimination of the constants yields the general solution
G =H + f2 (t)dt (C .12)
0
where H is an arbitrary function of the indicated argument.
To determine the precise form of the function H in a particular
case, it is necessary to have f, and f2 expressed algebraically in terms
ofID-and t, respectively, and to have the boundary condition for the dif-
ferential equations be in the form of a relationship between G and Othat
_IMM
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is known at some time, say t = 0. Putting this latter relationship
into the form indicated by Eq. (C.12) then permits the solution to be
obtained at any other time merely through replacing J at t = 0 by
(J + ff2 dt) at the later time.
Graphical Interpretation of Solution. The solution represented by
Eq.(C.12) has a simple graphical interpretation. Suppose that the
spectral curve G(.O) is known at time t = 0. Let this function be plot-
ted (see dashed curve in Fig. C.3) in the form G f, versus J. At any
6 f, (2)
ff2dt t 1t
j (.a) r- d
Fig. C.3. Propagative nature of solution.
laztdr time t1 , the corresponding curve will be displaced without change
of shape, as indicated by the solid curve of Fig. C.3. According to
Eq. (C.12) the value of Gf1 for a given value of J at time tj must be
equal to the value of Gf1 at t = 0 because J + f2dt = constant
= J t= from Eq. (C.11). Hence, the curve at time tj is simply displaced
ti
leftwards from that for t = 0 precisely by the magnitude f 2 dt. The
0
foregoing feature indicates a propagative nature of the solution. The
product Gfi is seen to be constant for combinations of L'and t corres-
ponding to a constant value of the function (J + f f2adt).
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By separating the variables in Eq. (C.10) and integrating between
the limits t = 0, 0= J0 and t = t, C= ., we obtain for a particle
0
of fixed identity,
t
J + f f2 dt = JA t=,=0  (C'13)
0
where Tg is the value of J at time t, and (Jc ) is the value J
for the same particle at t = 0. In other words, particles of fixed
identity have a Q, t history specified by a constant value of
J + f2dt, which, by Eq.(C.13) is the value (J0 ) = associated
with the particle at time zero. Then Eq. (C.12) may be interpreted
as meaning that the product Gfi remains constant for particles of
fixed identify.
Thus the propagative behavior noted above is associated with the
fact that the initial concentration of particles in a certain size
range controls the concentration of the same particles, but in suc-
cessively different size ranges, at all later times.
-138-
C -5 Evaporation of a Droplet Cloud in a Very Large Medium
To illustrate the method just outlined, and to obtain some results
of practical value for an understanding of evaporation from a droplet
spectrum, consider now the special case of a stationary droplet cloud
evaporating into a very large, stationary gaseous medium. As indicated
previously, the results are also applicable to each portion of fixed
identity of a uniformly-moving cloud and medium. Assume in addition
that the mass of the medium, relative to that of the cloud, is so large
that the process does not materially alter the properties of the medium.
With this assumption, the growth rate will depend only on diameter,
and f2 (t) may be set equal to unity. Then, remembering that R is now
only a function of J, Eq. (C.13) becomes
1
where H is an arbitrary function of the indicated argument. Alternatively,
for any fixed portion of the cloud, Eq. (C.14) states that the product
GR (which varies only with D) depends only on the combined function of
O-and t denoted by (J + t). As before, the precise form of this de-
pendency may be found by expressing G(L$) at t = 0 in the form of
Eq. (C.14) and then replacing J(JY) where it appears by [J(2D) + ti.
The Molecular Growth-Rate Law
After the droplets have reached a quasi-steady temperature, evapora-
tion is controlled by the process of heat transfer. If it is assumed
that there is no relative motion between the droplets and the medium
(or, more generally, that the Reynolds Number based on the relative speed
is small), dimensional considerations require that the coefficient of
heat transfer follow the law hJ/ = constant, where h is the coefficient
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of heat transfer and X is the thermal conductivity (11).
Since the rate of the process, and, consequently, the rate of
evaporation of mass from each particle, is proportional to the coef-
ficient h, to the surface area, and to the difference in temperature,
the diameter of each drop must obey COP(DO/Dt)-h . Then noting that
hj:)is constant
R = D-a/Dt = -A/0- = f, (C.15)
where A is a positive constant containing such quantities as pure
numbers,the density and latent heat of the droplets, the temperature
difference, and the thermal conductivity of the medium. Thus Eq. (C.lla)
becomes
J = .- = /2 (C.16)
Moreover, integration of Eq. (C.15) for a particle of fixed identity
yields
A d t- dt; r= 2At (C.17)
0
where it is to be understood that XQ is the diameter at t = 0 of a
0
particle having the diameter &at time t.
General Solution. According to Eq.(C.14), the general solution
to the problem considered here is
G =0HL) + 2At] (C.18)
Rearranging this in dimensionless form yields
S= S3*G/n 0 = (Ja/cO) H [(o0 2 + 29]=0J1H[D 2 + 2d (0.19)
*2
where 9 = At/0  . The form shown in Eq. (C.19) removes the results
from any particular scale of time, size, or A, and expresses them in
-140-
more general form in terms of the dimensionless time, 9.
Analytic Solution of Typical Case
There are several types of size distribution which may represent
atomized sprays (30). All have the features that the curve of G versus
J 5)starts from zero, increases with Oand then, after reaching a maximum,
approaches zero again asymptotically. Consider now a specific type of
distribution at t = 0 that embodies the foregoing features and that
allows significant conclusions to be drawn by simple calculations.
The distribution postulated at t = 0 is represented by
-1 2/2(/&) - D 2/2
OG = n ( e or (I=1De (C.20)
For very small values of cDthis gives a linear distribution, while for
large values the concentration approaches zero very rapidly. The con-
stants in the equation are chosen so that the initially most populous
droplets (i.e., those of maximum G) are of size £, and the total number
of particles initially is no. For the process considered, the instan-
taneous appropriate mean size is given by Eq. (C -5c). When the latter
is evaluated for the distribution of Eq. (C.20), the result is
t= t=O= F where it is understood that'0 means, 
for this
case
Size Distribution at Any Time. Comparison of Eq. (C.20) with
Eq. (C.19) shows that the form of H at t = 0 is
H e- e/2
t=0
Consequently, at any other time t, the spectrum is given by
( = De-l1/2 [U2 + 29] = -9 U e - n)2/2 (C .21)
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This remarkable result shows that the size distribution considered
remains unchanged in form, the concentrations of droplets of all sizes
being reduced by the constant factor e~9
Variation of Equivalent Mean Size. Performing the integrations of
Eq. (C-5c) yields the striking result that 3=' Fat any time. That is,
the appropriate mean size does not change, even though all particles
are becoming smaller. The explanation of this seeming paradox is that
the small particles grow smaller more rapidly than the large ones, and
ultimately disappear entirely; as time proceeds, therefore, a relatively
greater proportion of large particles remains.
From Eqs. (C.1) and (C.21) it is seen that the total number of
particles decreases exponentially with time, i.e.,
= e (C.22)
n
0
From Eq. (C.3) the fraction of droplet mass that has evaporated is
x = 1 - e (C.23)
The rate of evaporation is proportional to the rate of disappear-
ance of total mass of all particles, i.e., qudx/dt. From Eq. (C.23)
therefore, this rate also varies exponentially with time, as
/go = e9 (C.24)
Calculations for Conventional Model Containing Fixed Number of
Particles of Uniform but Variable Size. In calculations of droplet evapor-
tion it is usual to assume a model in which there is a constant number
of particles of uniform size, the initial uniform size being set equal
to the appropriate mean size of the initial spectrum. To see how this
model compares with the true state of affairs, the expressions for this
-142-
droplet model corresponding to those of Eqs. (C.23) and (C.24) will be
determined for the spectrum of Eq. (C.20). Let J21- and n denoteU U
respectively the uniform but variable particle size and the constant
number of particles for this model. Then by definition, Ju tU, t=0
Furthermore, from Eq. (C.17),
( /*)2 = - 29 = 3-29 (C.25)
The fraction of the total volume of all particles which has disappeared
at time t is given by
( a s~a3/2
Xu 1 - up I- = 1-(1-29/3) (C.26)
r u t=0
and the rate of evaporation (since q-dx/dt) is, in proportion to the
initial rate,
(g/qo) = (1 - 29/3)1/2 (C .27)
Comparison of Conventional Model with Actual Cloud. Equations
(C.23), (C.24), (C.26), and (C.27) are graphed in Fig. C.4. Since by
definition the initial mass and initial rate of loss of mass are iden-
tical for the spectrum and model, Fig. C.4 shows directly the inaccur-
acies in the model. At the beginning of the process, the two rates are
equal, and consequently the slopes of the x-curves are the same. As
the process proceeds, however, the rate calculated for the model is at
first greater than the true rate; this occurs because, in the spectrum,
the instantaneous mean size does not change, whereas in the simple
model, all droplet particles grow smaller and consequently acquire a
larger growth rate (in the absolute sense). After about 75% of the mass
has disappeared (according to spectrum calculations), the rate calculated
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Fig. C.4. Fraction evaporated and evaporation rate.
for the model becomes smaller than that for the spectrum; this happens
because the excessively high rate at early times so reduces the droplet
diameter (and the surface area) of the model that ultimately a point
must be reached where the rate becomes less than that of the spectrum.
Notwithstanding the latter remark, at any instant the mass which has
evaporated is greater for the model than for the spectrum. Indeed, at
9 = 1.5, the particles of the model have entirely vanished, while in the
spectrum they never entirely vanish. To summarize, the model of evapora-
tion in which the spectrum is represented by a constant number of drop-
lets of uniform but variable size (hereafter called Droplet Model A)
yields too high an estimate of how much mass will have evaporated at
any given time. The table below gives some significant comparisons.
COMPARISON OF MASS FRACTION EVAPORATED
Model A Spectrum
Per cent evaporated for 9 = .555 50% 42.6%
Per cent evaporated by 9 = .905 75% 59-5%
9 for 50% evaporated .555 .694
9 for 75% evaporated .905 1.386
9 for 100% evaporated 1.5 oo
Proposed New Model of Particle Cloud. It is evident that Droplet
Model A incorporates an unwarranted optimism concerning the time required
for the process to occur. A more accurate model is suggested by the
fact that the instantaneous 0 corresponding to Eq. (C.21) is con-
stant. That is, the actual spectrum may be replaced by a cloud of
droplets of variable number but of uniform and constant size, with the
number of such droplets decreasing at a rate proportional to the rate
of evaporation. Such a model (hereafter called Droplet Model B) for the
initial spectrum of Eq. (C.20), would give rates identical with those
of the spectrum. At first it may seem peculiar to image droplets
vanishing part by part, without diminution of diameter (i.e., n may have
non-integral values); but when it is recalled that the model is in any
case a fiction to enable easy calculations, and that the number of
particles in the model cloud has no physical association with the number
in the true cloud, the seeming strangeness is unimportant.
It cannot be claimed that Model B suggested above is identically
correct for other droplet-size distributions, or for cases where R is
not inversely proportional to cT' However, since the spectral curve
of Eq. (C.20) is at least typical in shape, and since R generally varies
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with Irto a power lying between 0 and -1, it seems safe to say that
the conventional model, (Model A) incorporating a constant number of
drops is generally overoptimistic in its estimate of rates, and that
the newly proposed model (Model B) is often more realistic.
Results for Nukiyama-Tanasawa Distribution
To investigate the two points mentioned in the preceding paragraph,
consider the Nukiyama-Tanasawa distribution, accepted as best represent-
ing that of liquid sprays atomized by air jets (30). The distribution
equation at t = 0 is
* *
Z0G = 4n0( r/.O*)a e-'') or = D,-2 I (C .28)
where the constants are so chosen that n0 is the total number of droplets
and G is a maximum when M)= 1, all at t = 0.
Results for R = -A/&. Referring to Eq. (C.19) the solution for the
size distribution at any time t is given by
(G =4M(V2 + 1/2 e-2( 2+2) l/2 (C.29)
Inasmuch as the terms in 9 cannot be brought out in a single factor, it
follows that the shape of the spectrum changes with time. A few of the
spectral curves are plotted in Fig. C.5 which shows that the value of G-
0.50
0.40
0.30-
C
0.20
9*= - .2
0.10
0-
0 1.0 2.0 3.0 4.0
Fig. C.5. Time variation of Nukiyama-Tanasawa spectrum for hJ(/X = constant.
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for which V'is a maximum increases slightly with time. The expressions for
x and D from Eqs. (C.3) and (c-5c), respectively, lead to the following
relations
where 00
[D ~ 5 e-2 'dEI
x = 1 - ;Ii
00
00
13~I f t(D + 2Q)l/ e2('2)
0
dID
dD
The first integral is easily evaluated as
51 15
I 2 = = -72
With the substitutions a2 89 and u2 1 + 4 !D2/a2 the integrals
become
12 = (a 
6
and
13 = a)4
00
u 2(U2-1)3/2 e-au du
fo u2(u2-1) 1/2 e-au du
1
The modified Bessel function of the second kind of order zero, K ,
0
can be expressed as
00
K () U_1 -/ ea1d
-x-
Reference (27), page 1323.
UDC2IP
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The derivative of Ko is (using superscript numerals to denote order of
differentiation with respect to a)
dK
'K0 (a) = =
00
f -u) (u 2-1)1/ e- du
or for the nth derivative
n dnK
nK - -
0 dan
J00(un()l/
f _) nu,_) -/2e au du
1
Thus the desired integrals are
I2 = (a) 6
I = (a)4
K -K+
L4Ko - 2K]
By introducing the relations (28)
dK (a)
-2 -- = K(a) + K (a)da v v+l
K V+l(a)
the final results are
x =1 8 (2)15
an
3 0
a+ aL
-K (a) = K (a)
vK a v
K0(a) + [ +T2 (C .30)
(C.31)
d L+ Ko(a) + 2+ Kj(a)
229 3 1 6
aK9(a) + [a+ T]Kj(a)
where a = 2
In Fig. C .6 is shown the variation of V with x as calculated from
Eqs. (C.30) and (C.31). It is seen that the correct instantaneous mean
diameter actually increases with time. This result is perhaps not too
and
2K]
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surprising after having seen the curves in Fig. C-5. The increase in
the mean diameter, however, is not very large (about 17% when the cloud
is 75% evaporated).
Comparison is now made of the results from the spectrum analysis
with those obtained from the two simple droplet models. The initially
correct mean diameter is F= fwhich is satisfied by both droplet
models by definition.
1.00
3.;; 
0.75T SP C
15/1 - Cons T
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1 .0 - - - - - - - - - . - - -0 . 25- - - - . -
0 0.2 0.4 0.6 0.6 1.0 0 2 4 6
x a
Fig. C.6. Variation of sand x for spectrum of Fig. C.5.
The mass fraction evaporated for the simple models can be written as
x =13 - (C.32)
For the conventional model (Droplet Model A)
n 0 4* D 2
and therefore Eq. (C.32) becomes
x Q = 1 - ( 5 -2 3/2 _(1 .493/2 (C-33)
For Droplet Model B with a varying number of particles only, the
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equation for the rate of change of total particle mass at any time is
Ir03 n I 2 (-4
Integrating yields
n~*2
log -= - 39 (6 
n0
and therefore for the Droplet Model B
x = 1 - e (C.34)
Figure C.6 shows the results obtained from Eqs. (C.30), (C.33) and
(C.34). The curves illustrate clearly the error in using the convention-
al model (Model A) for evaporating drops. Droplet Model B does not give
results that coincide exactly with the spectrum calculations; they are
in error in the same direction as the conventional model. This is ex-
pected because 5 actually increases somewhat during evaporation and
therefore the rate of change of mass is less for the spectrum. However,
the fraction evaporated predicted by Model B is better than that pre-
dicted by Model A both qualitatively and quantitatively.
Results for R = Constant. The results shown in Figs. C-5 and C.6
are for the case Rr-jD. To see what effect the nature of the growth-
rate law has on the results, consider the case of R = -A, for the
Nukiyama-Tanasawa spectrum. This case and the previous one comprise the
two extreme forms of the growth-rate law, for in the general relationship
R ,CFP 6 lies between zero (radiant heat transfer) and unity
(molecular conduction).
The analysis is similar to the one for R = -A/r- and yields the
following result for the size distribution
G= 4 (O+ 9i)2 e -2(D +91 ) (C-35)
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where 91 S (Ajt/.C ).
Figure C.7 shows the Nukiyama-Tanasawa spectrum as a whole moving
horizontally towards the origin. This result is expected when the growth
rate is the same for all drops because there is no reason for the G(JY)
curve to be distorted.
0.61 1
Fig.
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In
-.7. Time variation of Nukiyama-Tanasawa spectrum with radiation heat
transfer.
The mean diameter and mass fraction evaporated are given by (note
the appropriate mean diameter is now 3/,)
(C .36)2 235 + 493 + 9i2 3 + 391 + 921
x = 1 - (1 + .89 1 + .292 )e-291 (C.37)
In Fig. C.8 the mean diameteriD is shown as a function of x. In
this case the mean diameter decreases as the drops evaporatefinally
reaching a value of 1.5 as x approaches infinity.
The simple models yield the relations
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x = 1-(l- .491)3 (Model A) (C.38
x = 1-e-l.29 (Model B) (C.39)
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Fig. C.8. Variation of o&and x for spectrum of Fig. C.7.
These results along with Eq. (C.37) are shown in Fig. C.8. Once
again it is seen that the conventional model is overoptimistic about
evaporation rates. Model B is also in error, but the magnitude of the
error is smaller and in the opposite direction. Model B matches the
spectrum result qualitatively over the entire range.
Spectrum with Finite Diameter Range
In the preceding examples the diameter range for each spectrum
ranged from zero to infinity. As a consequence, an infinite amount of
time is required to evaporate all the droplets. Since the upper dia-
meter limit is finite in any actual case, this effect is now investigated
using the molecular growth-rate law of Eq. (C.15) and the initial drop-
let spectrum of Eq. (C.20). Thus at t = 0
e - ID2 0 ! ID U I
G max t
D7 max t=O
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The correct mean diameter is given by
a-x 4 -0D
__ 
J [) e alD~
{D = O (C.40)
l~v~x 11cP ID
where D is not constant but can be expressed as
[) 2 =D02 - 29max max t=0
After two integrations by parts Eq. (C.40) becomes
2z -Z
S= 2 zS e + 3 (C.41)
z ez 2- /e2 f z
where z2 = 0 /2
For the mass fraction evaporated the result is
erf z -(4/3 fTr)e-z 2z + 3z/2) (C .42)
x =1 
- [erf z -(4/3Ffire-Z 2 (z3 + 3z/2)J
t=0
Figure C.9 shows the variation of as a function of x for
several values of Dmax t=0. The results of Droplet Model A are also
shown (dashed lines) for comparison. From Fig. C.9 it is seen that the
2.0
I~max =C
1.5 3.96
.5 2.83
73/- 2.26
Fig. C.9. Mean diameter results for finite spectrum.
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spectrum would have to have a Rfmaxt=0 <2 before Droplet Model A would
be as good as Model B (a horizontal line in Fig. C.9 ) in describing the
spectrum evaporation.
C.6 Evaporation or Combustion of a Droplet Cloud in a "Small" Medium
When the growth rate depends on time, as for example when evapora-
tion modifies the temperature and other properties of the medium, or if
external heat transfer is present, it is not valid to let f2 (t) = 1 in
Eq. (C.10) .
In this event, if the growth-rate law R = fi(.D)f2 (t) is still
retained, Eq. (C.12) shows that all the results presented in Section C-5
remain valid, provided only that wherever t appears it must be replaced
It
by f2(t) dt. To obtain results as a function of time for the general
case would probably require a numerical or graphical procedure. But no
new theoretical problems arise. Some special cases may be easily
carried out in closed form. As a specific example of a simple case,
consider evaporation of a droplet cloud into a mass of gas, with the
gas temperature changing only because of the latent heat requirement
of the droplets. Then an energy balance for a simple droplet (neglecting
sensible heat effects) yields
h D'E(T -T) L 2 i b)
With the postulate of molecular heat conduction (hJ9/A = 2) and defining
T T -Tg
R S DJ/Dt = -4A/ L & (C.44)
Neglecting the variation of A with time permits the expression
R = fi( )f2(t) to be divided as f1(J) = -A71 La= -A/0, and
f2(t) =T .
An energy balance between the entire droplet cloud and the entire
gas mass yields
- T) = m c (cI9-'t)= LV9(1 
- - ) = LV90
'r'c =1-q9x (c .45)
where
LV
m c ''
Using the simple analytical expressions obtained from the initial size
distribution of Eq. (C.20) permits one to write Eq. (C.23)
x = 1 - e
where 9 is to be interpreted as (A/0c4*2)
(C.23)
t
f f 2 (t) at
0
By taking the logarithm of Eq. (C.23) and then differentiating
with respect to time, the result is
1 dx Af(t) (C.46)
But f2 (t) ='Tr' can also be expressed as a function of x using Eq. (C.45).
Combining this with Eq. (C.46) gives
dx A dt(-x) (1- Px) =4 dt
Integrating between the limits of t = 0, x = 0 and t = t, x = x yields
-tlog -x (c.47)j[542 1-2 gl-x
Results Using Simple Mean-Diameter Models
-~1
For the droplet spectrum of Eq. (C.20) coupled with fi(Eg)~ a,
Droplet Model B gives results exactly equivalent to those of the spectrum,
m c (T
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and therefore has Eq. (C.47) as the result for the case under consider-
ation.
The x-t relation for the conventional model is obtained by dif-
ferentiating Eq. (C.26) with respect to time, combining with Eq. (c.45)
and integrating to give
x
At = dxu 1/3 (C.48)
Oeu (1-yx )(1-x )/
The results of the spectrum analysis and the conventional model
are plotted in Fig. C.10. for the case of (= 1. Physically, this is the
case for which the mass of gas is just sufficient to evaporate all of
the droplets. The final analytical expressions for Eqs. (C.47) and (c.48)
for Wp= 1 are
x 1 + 2/At Spectrum and Droplet Model B
X 1 l + At/3 .3*2 Droplet Model A
1.0
0.8-
0
Xu
c . X spec trum0
0.4
LL
x 0.2 --
0 2 3 4 5 6
A t /,0**2
Fig. C.10. Fraction evaporated for a "small" medium.
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The error resulting from the use of Droplet Model A is not quite
as large as in the case of an infinite medium. For other cases in
which more liquid is present than can be evaporated the error will
decrease further because the diameter will not change as much.
C.7 Application to the Aerothermopressor Process
Much of the Aerothermopressor process involves motion of the
droplets at essentially the stream velocity with ha/? approximately
constant. Thus the results of Section C-5 showing that Droplet Model B
more closely approximates the spectrum are directly applicable. Because
water in excess of the amount required for saturation is present in the
Aerothermopressor process, the effect of changing the droplet model
will not be too large. Since Droplet Model B is just as- simple to use
as Model A, there is no reason why it should not be used.
Since much of the Aerothermopressor process occurs for h L/
nearly constant, the appropriate mean value of the spectrum should be
D 3/1 The mean value of the droplet diameter given by Nukiyama and
Tanasawa for water atomization with air streams is
r 057 (C.49)0 Vi -Ve
(4_ in feet; V 1-Vgi in ft/sec). However, this is the volume-surface
mean diameter. Consequently, Eq. (C.49) should be corrected by the
ratio /2 which for the Nukiyama-Tanasawa spectrum is
= = .895
5O
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APPENDIX D
VARIATIONAL CALCULUS METHOD FOR OPTIMUM AEROTHERMOPRESSOR PERFORMANCE
The mathematical problem introduced in Section 3.3 may be summarized
as the determination of eight functions xl(z), x2(z),...x (z)...x 8 (z)*
that: a) satisfy the seven simultaneous differential equations [Eq. (2.la,
b), (2.2), (2.3), (2.5), (2.6) and (2.7)3
G (x, x2, ...x8, x1 1, X2', ... x' 8 ) = 0 (j=l, 2,...7) (D.l)
and b) make the value of the integral
Z2 Z2
I =P P = dz = F(xl, x2,...x 8 , xi', x2',...x8 ')dz (D.2)0 j z f-{~ ~
stationary (a maximum).
Seven initial conditions are to be satisfied, namely the values of
A1, pi, Tl, Vl, Tel, Vp, wi are specified at z = zl, i.e., xl(zi),
x2(zl),...x8 (zl) are fixed known quantities.
Let the functiorwx (z) denote the actual extremizing functions for
the integral of Eq. (D.2). Then introduce a one-parameter family of
comparison functions
Xi(z) = x1 (z) + E 1 (z)
X2(z) = x2(z) +E 2(z) (D.3)
Xi(z) = xi(z) + Ei(z) (i = 1,2,3,...8)
----------------------- 
-------- ---- -------------------
*
The variables x, to x8 represent p, w, T, T, V, , wg and A which com-
pletely fix the local state.
Primes denote differentiation with respect to z. The Aerothermopressor
problem is not quite as general as the case governed by Eqs. (D.1) and (D.2)
because not all variables appear in every equation of the Aerothermopressor
process.
The value of wl will be automatically satisfied by specification of A1,
pi, Tl, and V1 .
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where 1 (z), 2(z),ee 8 ( z) are differentiable functions for which
(zi) = 0 (D.4)
and which are arbitrary to within consistency with the set of constraints
formed by replacing (xj, x2, ...x8) by the comparison functions (Xi, X2, ...
X8) in Eqs. (D.1).
G (X1 , x2,...X 8 Xi'' X21'''1) = 0 = 1,2,...7) (D.5)
Thus the comparison functions X. satisfy the constraints and same bound-
ary conditions as the actual extremizing functions x. and become equal
to x. for &= 0.
Now the integral I(&) is formed by replacing the x. by X in Eq. (D.2)
yielding
Z2
)= I X2,...X 8, Xi', X2'-..X8 ') dz (D.6)
zi
The integral of Eq. (D.6) is a function of 6 only for any choice of the
( Pz) and therefore the stationary (maximum) value of I(S) occurs when
d= -I'() = 0
From the designation of the x. as the actual extremizing functions, the
value of e that corresponds to a stationary value of I(e) is known, i.e.,
6= 0. Thus the necessary condition to be satisfied is
I'(0) = 0 (D.7)
The general relationofor I'(6) is obtained by noting that the
limits of the integral are constants and
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dF 3F 3X1  c)F cXj' 3F X2  3F 3X2 '
+e -x~ X I -+J+T+ 00iH = 3Xi 3E *T~ 5i'2 *3X  Ti * JX2a c) E * *
8
c)3F c)Xi 3F j '
+ 
I*
Since X./ g = and X = ' from Eqs. (D-3) and putting E= 0 is
equivalent to replacing (X1, X2,..X 8 ) by (x1 , x2,.00 x8 ), Eq0 (D.7)
becomes
I'(o) = dz (D.8)
zi
The usual procedure for the more common variational-calculus problem can-
not be applied as yet because the 's are not all independent, but
related to each other (through Eqs. (D-5)) the constraint equations).
Equations (D-5) are satisfied identically for all values of 8
and therefore may be differentiated with respect to e yielding
3G G )G _G
-~ ~ ~ ~ X 2x1  +~~ o,5 02 k a2 0
= 0 (j = 1,2,...7) (D.9)
At . = 0, Eqs. (D.9) become
8
)~ i + G 0 (j=1,2,...7) (D.10)
Multiplying the jth equation of the system (D.10) by the arbitrary
unspecified function /) (z) (the Lagrangian multiplier) for all j = 1,2,...7,
integrating over z from z, to Z2 and adding all seven equations to
It is sufficient that Eqs. (D-5) be satisfied identically only in the
neighborhood about 6=0.
Eq. (D.8) yields (this quantity being added is zero)
I'(0) = 0= z{ 2 1
zi =1
j=1 j + )F dz=0 (D.ll)
With the definition of H as
'1
H F + (z)G
Eq. (D.ll) can be written
Z2 . H H
+ ,+ + 
H
i' + ... 84 +H 8] dz = 0 (D.12)
Integration by parts of the second, fourth, sixth... terms of Eq. (D.12)
yields
- ( dz X2 z a .. ..+ -dz (d1 ( ')]1 +'L dJX l L x 8 &)1x d
+ , H4-
- Z=2
i+ ,H 1 + .. + = 0
_ z=zl
(D.13)
In order to satisfy the initial conditions for all values ofS in the
neighborhood F= 0, Eq. (D.4) yields ,(zi) = 0; thus the contribution
of the second part of Eq. (D.13) at the lower limit vanishes.
The functions .. . are not entirely independent of each
other., In fact only one of them (say ) is completely arbitrary (ex-
cept at z = zi) and the other seven are then arbitrary within the
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+ +
'~1 1' 4
+
/'_jA 
G
_x8l 3 8
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restrictions imposed by the constraints, Eqs. (D.5). Now let the value
of the seven completely arbitrary functions/4 (z) be chosen in such a
way that at z = Z2
-... = , = 0 (z=z2 ) (D.14)
Since f is arbitrary, it may be taken as equal to zero. Therefore,
Z2 8
z ~ x L ( , dz = 0 
(D.,15)
Since all 's are not independent as stated previously, the usual
argument that the coefficient of eachf should vanish is not valid.
However, one (say Y8) is completely arbitrary (except at z1) as are
the seven functions Ali( z) (except at Z2). Thus the/4 ' s are chosen as
to make the coefficients of f to vanish. Then because f. is arbi-
trary, its coefficient in Eq. (D.15) must vanish.
Finally, in view of Eqs. (D.13), (D.14) and (D.15) and the fact
that f 8(z2) is arbitrary, and may be taken equal to some non-zero value,
it is necessary that at z = Z2
c3H
')
The results then can be stated as follows: to make the integral
z2
I =f F(Xl,X 2,oe*x 8 ) dz
stationary while (Xi,X2,...x8 ) are subject to the seven constraining
The usual argument proceeds along the lines that if each 3 is completely
arbitrary in Eq. (D.15) all but one may be taken identically equal to zero.
Therefore, the coefficient of that remaining one must be zero. By using
the argument on different combinations, it is concluded all coefficients
must vanish.
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equations
G (xpX2y,...x8 , Xi',X 2 1...x 8 ') = 0 (j=l,2...7)
and seven initial conditions, the following set of equations should be
solved:
a) Eight equations from the extremization procedure
7H- d ) = 0 (x = 1, 2,...8) (D.16)
'7
where H = F + ZiU(z)G
J =1
b) Seven constraint equations
G(x,X2-.xg,x1',x2'...x 8 ') = 0 (J=1,2, ...7) (D.17)
in terms of the fifteen variables x, to x8 and 1 to . The boundary
conditions to be satisfied are:
a) Seven conditions for the specification of the x at z=zl
(The value of x8 is then automatically satisfied)
x (zi) = specified values (i = l,2,...7) (D.18)
b) Eight conditions from the extremizing formulation
=0 at z = Z2 (i=l,2, ...8) (D.19)
The Euler-Lagrange differential equation that must be satisfied to
make the- integral 2
I = F(x,x',z)dz (D.20)
Zi
stationary, is always of the form
- ( ,) = 0 (D.21)
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Equation (D.21) is usually of second order and therefore has two boundary
conditions associated with it. Although Eqs. (D.16) are of the form of
Eq. (D.21), closer examination shows that in H of Eq. (D.16) no products
or powers of the derivatives x . occur. Consequently, Eqs. (D.16) are
all first-order differential equations and only one boundary condition
is associated with each x.. The highest derivative of 4u in Eqs. (D.16)1 ofJ
is also the first. As a result fifteen constants of integration are
provided from the differential equations which are just sufficient for
the fifteen boundary conditions of Eqs. (D.18) and (D.19).
APPENDIX E
DETAILS OF THE NUMERICAL CALCULATIONS
The stepwise numerical procedure used was basically the first-
order Euler Method. The change in any variable L by the Euler Method
is given by
L9 = 1 A z -L & z
dz
The value of 3 at the n+l location is '+l =Hn+ "H Yn +Lin' az.
The order of performing the main process calculations is as
follows:
(a) From the specified initial conditions of T0 , Ti, Vti, V1,
w ,, wl, and the area, calculate all other properties at section (D
(b) An arbitrary increment in duct lengthAz is chosen from which
the time increment At (time required for a droplet to pass through the
control volume) and be calculated from Vt= Az/&t..
(c) Calculate the change in liquid velocity AV from Eq. (2.5).
(d) Calculate Aw from Eq. (2.6).
(e) Calculate AT from Eq. (2.7).
(f) From Aw calculate AW and ak.
(g) For the case of specified duct geometry, calculate the pre-
scribed AA.
(h) Use the first row of Table I to determine AM.
(i) Calculate AT from the fourth row of Table I.
At this point it would be possible to solve for AV, Ap, 4 90,
AP0, etc., from the appropriate row of Table I. However, to minimize
*
For a prescribed Mach Number calculation, M is known and A is cal-
culated from the first row of Table I.
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the error introduced by using a finite difference method, the remain-
ing variables at the new location are obtained from integral relations,
e.g., V = M kRT, p = wRT/VA, etc.
Other Numerical Methods
In addition to the Euler method, it was also possible to compute
the increments in dependent variables by other well-known numerical
procedures. Five methods in all were programed and required the
following amount of computation time per step Az.
Numerical Method Time Per Step Az
Euler 0.96 seconds
First-Order Backward Differences .98 "
Second-Order RuIge-Kutta 1.83
Forward and Successive Differences 2.68 "
Fourth-Order Runge-Kutta 3-56
Studies of the increment size Az for each of the methods led to
the chOice of the Second Order Runge-Kutta method as the one requiring
the least time for a given accuracy.
The increments necessary to eliminate truncation error varied from
Az = .001 feet (at the plane of water injection and just downstream of
a normal shock) to .05 feet. The increment size was varied throughout
the calculation so as to require minimum time for a desired accuracy.
Instabilities
Because the density of saturated water vapor varies so rapidly with
temperature, it was found that too large an increment size could lead to
violent oscillations in the liquid temperature. Larger increments with
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no loss in accuracy were made possible by setting the liquid tempera-
ture equal to the local wet-bulb temperature downstream of Regime I.
Large increments in the diffuser occasionally caused oscillations
in the liquid velocity. This difficulty could be removed by requir-
ing that the liquid velocity equal the gas velocity, an excellent
approximation in the latter half of the diffuser.
The Singular Point M = 1
To determine the critical Mach Number Mer for a given set of
initial conditions required a trial and error procedure. Trial values
of M were chosen that first did not carry M to unity and, second,
caused choking. Interpolating between these values soon led to a very
narrow range for M, that corresponded to continuous passage through
M = unity.
Now with a close approximation to Mcr (within - .0005), the cal-
culations are carried out until M almost reaches unity; then the con-
stant-area requirement is dropped and instead dM/dz is held constant
until M crosses unity. (It can easily be shown that the curvature of
M versus z must vanish exactly at M = 1). From that point on, the
prescribed area function again governs the process.
Normal Shock
Because a normal shock is treated as a discontinuity in the flow,
no liquid properties are permitted to vary across a shock (w = Ti = = 0).
Thus the conventional algebraic normal-shock equations are used except
that variations in the specific heats of the gas phase are permitted
due to the temperature change.
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Evaluation of Properties
Empirical curves were fitted to closely approximate the values of
enthalpy, density, conductivity, viscosity, specific heats and dif-
fusivity. The values of '), ' and were approximated by properties
of air rather than the gas phase. All properties in the interaction
equations were evaluated at a temperature (T + T2 )/2.
Print Layout for Theoretical Computations
A typical print layout is shown in Fig. E.1 in the form as ob-
tained from the output of Whirlwind I. The numerical values are to
be interpreted as
.133721+ 04 = + -13372 x 10 = 1337.2
The term .161561 -27 is actually zero; the indicated form results from
the binary to decimal print-out routine. Similarly the .4999991+ 01
degree conical diffuser is a 50 diffuser; the loss in accuracy occurs
because of round-off error in the eighth decimal place (only the
first five are printed).
The key to the results is as follows:
Initial Data
Mi T p PO 1 T2 i V01/V
fL OC014D1,QQn AgMDi S i C
V1  T1  pi X4f r ) Vpi wa
max
Running Data
z x () T V /V1  A/A,
M T P/po/ k V/V T
D p P 0 01 n/n0 Rey
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Most of these symbols are contained in the Nomenclature. The additional
ones are:
$ plug diameter
(2. exit area of water injection nozzles
Q volume flow rate of water (gpm)
W maximum possible humidity for inlet conditions and a final
max
pressure .equal to the initial pressure.
TAPE 120-71-272 ERICK8ON OPTIMUM MACH NO, TWO HWD-LB, SUBSONIC 0434.6 11-20-56
DECIMAL
.7500 -00 -1500 +04 .1470q +02 .1615 -27 .5400 +03
.2500 -00 .895 -00 .3300 +02 .3009 -36 .34871 +01
.13371 +04 .1363 +04 .102114 +02 .1i86t4 +02 .2674 +02
.2065A -00 .40006 -02
AUTO INCREMENT- .94691 -03 FEET
.75004 +01 .16154 -27
f - .40004 
-02
.1b15q -27 .75004 -00
.200 -01 initial conditions
.2 9 +03
.16o6q +03
initial increment Az
constants in prescribed Mach wumber process
vall.friction factor
RK-2 nmmrical method (second-order Rune-Kutta)
PRESCRIBED MACH NUMBER
.1615 -27 -. 35039 -46 .16i5 -27 .5408C +03 .20000 -01 .1 +01
.7500q -00 .13b3 +04 .69 -00 .1358 +01 .1000 +01 .15 +04
.3300c +02 .30091 -36 .t +01 .1000 +01 .1O000 +01 .5575 +02
.3409N -01 .113 -00 .2843 -01 .56434 +03 .49234 -00 .9742 -00
.96324 -00 .1127 +04 .5220 -00 .136b7 +01 .1181 +01 .1317 +04
.325731 +02 .30099 -36 .93811 -00 .95734 -00 .8862tj -00 .3812 +02
.12879 -00 .1999q -00 .4999g -01 .55561 +03 .8042 -00 .touw +01
.11249 +01 .98001 +03 .4152 -00 .1372 +01 .1296 +01 .1207 +04
.330314 +02 .3009 -3b .9066 -oo .9543 -00 .8000 -00 .26424 +02
.28402 -00 .2590q -00 .64769 -01 .5500 +03 .1019q +01 .102 +01
.12354 +01 .88394 +03 .3551q -00 .1376 +01 .13599 +01 .113 +04
.3349q +02 .30093 -36 .89589 -00 .969b -00 .74091 -00 .180 +w2
.5000q -00 .3025 -00 .756b4 -01 .54651 +03 .11641 +0r .10481 +01
.131731 +01 .01694 +03 .31831 -00 .1379 +01 .1399 +01 .1081 +04
.3379q +02 .30093 -3b .b977q -00 .9924 -00 .b9741 -00 .13021 +02
TAPE 120-71-272 PART II
DECIMAL
043b.2 11-20-5b
INCREMENT= .416671 -01 FEET
RK-2
.6666 -00 .32471 -00 .8117 -01 .5450: +03
.1358q +01 .7643q +03 .3020(4 -00 .13604 +01
.33909 +02 .300931 -3b .9028N -00 .10071 +01
TAPE 120-71-272 PART V 0438.3 11-20-56
DECIMAL
INCREMENT= .416671 -01 FEET
WET BULB AT z = .20417| +01
-.10004 +02 .16154 -27 .10004 -00 .158o
RK-2
PRESCRIBED MACH NUMBER
.2500q +01 .4116q -00 .10291 -00 .539 +03
.1550q +01 .6587(4 +03 .2393 -00 .138 +01
.34521 +02 .30091 -36 .9458 -00 .1097 +01
.3000q +01 .42181 -00 .1054 -00 .5414 +03
.15251 +01 .6580 +03 .2517 -00 .1386 +01.
.3399q +02 .3009 -36 .9579 -00 .1109 +01
.12314 +01 .10554 +01
.141. +01 .10551 +04
.b752 -00 .104231 +02
wet-bulb temperature replaces T
4 +01
.1486 +01 .1094 +01
.1492 +01 .95931 +03
.58831 -00 .3397 -00
.1484c +01 .106 +01
.1468M +01 .9485 +03
.578171 -00 .8773 -00
TAPE 120-71-272 PART VII 0459.1 11-20-56
DECIMAL
INCREMENT .10004 -00 FEET
f = .2000q 
-01
RK-2
ENTRANCE TO . 49994 +01 DEGREE CONICAL DIFFUSER
.2370q +02 .72004 -00 .18001 -00 .6042 +03 .6427q -00 .6925 -00
.6599N -00 .63371 +03 .9507 -00 4381 +01 .63235 -00 .68(1 +03
.27461 +02 .30091 -36 .12694 +01 .12911 +01 .27994 -00 .2182 +01
DATS ALL
Fig. E.l. Typical print-layout.
exit code
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